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Abstract This paper presents the design and implementation of an adaptive-repetitive
visual-servo control system for a moving high-flying vehicle (HFV) with an uncali-
brated camera to monitor, track, and precisely control the movements of a low-flying
vehicle (LFV) ormobile ground robot. Applications of this control strategy include the
use of high-flying unmanned aerial vehicles (UAVs) with computer vision for moni-
toring, controlling, and coordinating the movements of lower altitude agents in areas,
for example, where GPS signals may be unreliable or nonexistent. When deployed, a
remote operator of the HFV defines the desired trajectory for the LFV in the HFV’s
camera frame. Due to the circular motion of the HFV, the resultingmotion trajectory of
the LFV in the image frame can be periodic in time, thus an adaptive-repetitive control
system is exploited for regulation and/or trajectory tracking. The adaptive control law
is able to handle uncertainties in the camera’s intrinsic and extrinsic parameters. The
design and stability analysis of the closed-loop control system is presented, where
Lyapunov stability is shown. Simulation and experimental results are presented to
demonstrate the effectiveness of the method for controlling the movement of a low-
flying quadcopter, demonstrating the capabilities of the visual-servo control system
for localization (i.e.,, motion capturing) and trajectory tracking control. In fact, results
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show that the LFV can be commanded to hover in place as well as track a user-defined
flower-shaped closed trajectory, while the HFV and camera system circulates above
with constant angular velocity. On average, the proposed adaptive-repetitive visual-
servo control system reduces the average RMS tracking error by over 77% in the
image plane and over 71% in the world frame compared to using just the adaptive
visual-servo control law.

Keywords Visual-servo control · Adaptive control · Repetitive control · Aerial
robots · UAVs

1 Introduction

Aerial robotic systems, such as unmanned aerial vehicles (UAVs), including multi-
rotor hover-capable platforms and remotely-piloted high-endurance fixed-wing air-
craft, have wide-spread civil and commercial applications (Mahony et al. 2012).
For example, UAVs are applied in precision farming, traffic management, and envi-
ronmental monitoring (Nex and Remondino 2013; Neumann et al. 2013). Also, the
deployment of UAVs equipped with sensors and reconnaissance equipment is of inter-
est for emergency response, and search and rescue (Goodrich et al. 2009). Current
research challenges in the advancement of UAV technology include endurance and
flight time, communication and networking, navigation, guidance, and control (Gatti
et al. 2015; Kendoul 2012). While some applications of UAVs can take advantage of
autonomous flight, many applications require a skilled operator (pilot) to remotely
pilot the aircraft to perform a series of tasks. Pilots often manually control the aircraft
through line-of-sight, using first-person-view technology, as well as using information
from GPS and other onboard sensors for situational awareness. Autonomous control
can be achievedwithGPS and onboard sensing; however, for applicationswhereUAVs
are deployed for disaster response, and infrastructure and damage assessment, the pilot
may not be able to get close enough to the area of interest to maintain line-of-sight
or the GPS signal may be unreliable, preventing the UAV system from autonomously
operating due to lack of localization and situational awareness capabilities. To advance
the state-of-the-art, a new visual-servo tracking approach is presented where a high-
flying vehicle (HFV) equipped with a fixed uncalibrated camera is deployed and used
to monitor and precisely control (through visual feedback) the motion of a low-flying
vehicle (LFV) or mobile ground robot. As illustrated in Fig. 1, a HFV with a fixed
onboard camera is deployed and flies in a circular path with constant angular velocity.
Through the perspective of the HFV’s camera, a user defines the desired trajectory for
the LFV (such as a multi-rotor UAV or mobile ground vehicle) in the image frame and
the information from the camera (image plane) is used to localize the LFV for closed-
loop feedback position and trajectory control. Due to the circular motion of the HFV,
the resulting trajectory in the image frame is periodic in time, and the periodic nature
of the motion is exploited by a new adaptive-repetitive control system to improve the
tracking precision from one operating period to the next. Thus, the proposed eye-in-
the-sky control scheme addresses the issue where GPS and localization hardware are
not available or unreliable because of complex and unstructured environments. Also,
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Fig. 1 AHFVwith a downward-facing camera (eye-in-the-sky) used tomonitor and control themovements
of a LFV or ground vehicle, shown with relevant coordinate systems
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Fig. 2 The control system block diagram: a the adaptive visual-servo system with repetitive controller �,
the image-based trajectory tracking controller �, estimators �, and the plant G and b details of the RC

the approach will work provided that the view of the LFV is not blocked, for instance,
by tree canopy or inside a building. Additionally, the approach may be used for posi-
tion tracking in a city with narrow streets and tall buildings where the GPS signal is
not reliable.

The main contributions of this work are twofold. First is the use of the moving HFV
system for visual-servoing of mobile systems that operate below it, which has received
limited attention. Second is the design, analysis, and implementation of a newadaptive-
repetitive control scheme for the HFV visual-servo control problem (see Fig. 2), where
the moving camera is uncalibrated and the trajectory in the image plane is periodic
in time. The repetitive control (RC) approach has yet to be exploited in visual servo
control of aerial vehicles, where the tracking error in the image plane is periodic and
can be leveraged for improving performance. It is pointed out that a related controller,
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iterative learning control (ILC), recently has been developed for aerial robots (Hehn
and DAndrea 2013a, b); however, ILC requires the initial conditions be reset at every
cycle, thus making the implementation for this type of application more difficult and
limited. On the other hand, RC is a feedback-based approach which incorporates a sig-
nal generator in the feedback loop of the control system to achieve precision tracking
of periodic reference trajectories (Hara et al. 1988; Chew and Tomizuka 1990). This
method has been widely studied for positioning systems, disk drives, and machine
tools (Aridogan et al. 2009; Li and Li 1996), but limited work has been done on
developing RC for aerial robots and RC has only been explored for visual-servoing in
endoscopy applications (Ott et al. 2008, 2009). However, it is noted that prior work
on adaptive-repetitive control schemes has been done where the adaptive controller
estimates either the control gains of the RC (Tzou et al. 1999) or the sampling rate
(Zhenwei and Ledwich 2002; Chang et al. 2006). In contrast, the adaptive controller in
this work is designed to estimate the intrinsic and extrinsic parameters of the camera
to ensure that the information in the image frame is of high quality, then the repetitive
controller compensates for the periodic error observed in the image frame. It is empha-
sized that compared to traditional feedback control systems (such as PID), RC has the
ability to reduce the tracking error from one operating period to the next, and the per-
formance of RC is generally superior than traditional feedback controllers for tracking
periodic trajectories (Aridogan et al. 2009). Herein, the design and stability analysis
of the closed-loop control system is presented, where Lyapunov stability is shown.
Simulation and experimental results are presented to demonstrate the effectiveness of
the method for controlling the movement of a low-flying quadcopter.

The remainder of this paper is organized as follows. Related prior work is described
in Sect. 2. Section 3 defines the problem and presents the kinematics modeling of the
system of interest. The adaptive-repetitive visual-servo control system design and
stability analysis are presented in Sect. 4. Simulation details and results are presented
in Sect. 5. The experimental systemand implementation details are presented in Sect. 6,
followed by experimental results and discussion in Sect. 7. Finally, concluding remarks
and acknowledgements are found in Sect. 8 and Sect. 9, respectively.

2 Related Prior Work

Computer vision for closed-loop control, i.e.,visual servoing, of robotic systems has
been studied extensively, and numerous approaches have been proposed (Hutchinson
et al. 1996; Chaumette and Hutchinson 2006). More recently, the visual-servoing
approach has been applied to UAVs for automatic take off, terrain following,
and landing (Ruffier and Franceschini 2004). A visual-servo tracking controller
was developed for a moving airborne calibrated camera to control a ground
robot using a daisy chain strategy (Mehta et al. 2006) and homography-based
scheme (Lopez-Nicolas et al. 2011). By exploiting the differential flatness tech-
nique, an image-based trajectory tracking scheme for a mobile robot was devel-
oped (Rao et al. 2003). In all of these past works, accurate camera calibrations
as well as a priori knowledge of the position of feature points on the robot
were required. Herein, the proposed method does not require the camera to be
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calibrated and uncertainty in the position of the feature points on the robot is
handled by the adaptive control law. Then, the repetitive control law is used to
decrease the periodic tracking error present in the image frame of the HFV’s cam-
era.

Efforts that focus on eliminating the need for camera calibration (i.e.,eye-to-hand
problem) were considered in Dixon et al. (2001), where a novel adaptive image-based
visual-servo controller was used. An adaptive and a sliding-mode controller were used
to compensate for the uncertainty in the camera parameters and the robot dynamics
in Yang and Wang (2012). However, in both of these examples, the image plane is
assumed to be parallel to the ground in order to avoid estimating the time-varying
depth between the camera and the robot. A new adaptive depth-independent image
Jacobian matrix framework for mobile robots is described in Liang et al. (2015). In
this case, the uncalibrated fixed camera can be used in an arbitrary pose (i.e., posi-
tion and attitude). Also, neither the pose of the camera in the world frame (i.e., the
extrinsic parameters of the camera) nor the position of feature points on the robot
was required to be accurately known. Finally, a unified adaptive visual tracking con-
troller that dealt with uncertainties in the camera’s intrinsic and extrinsic parameters
as well as positions of feature points for manipulators is presented in Liang et al.
(2015).

In light of past works on visual-servo control, limited attention has been given
to visual-servo control where the camera is uncalibrated, moving, has uncertainty in
its pose, and the position of the feature points on the target robot is uncertain. The
proposed adaptive-repetitive servo controller is developed for a moving HFV system
to track and control a low-flying UAV or ground robot, where camera calibration is
not required and uncertainty in the camera’s pose and the location of the feature points
on the LFV can be tolerated. Additionally, due to the circular motion of the camera,
the resulting periodic motion trajectory in the image frame is exploited by a repetitive
controller to improve the tracking precision from one operating period to the next. The
design, analysis, and implementation of the new servo control approach are presented,
where Lyapunov stability is proven.

3 Problem Formulation and System Modeling

A HFV is equipped with a downward-facing camera (fixed to the vehicle) and flies
in a circular pattern with angular velocity WωzH . The plane of motion of the HFV
is assumed to be parallel to the ground plane. Below it, a LFV is observed by the
camera. It is assumed that the LFV has two distinct feature points, p1 and p2, which
can be observed by the camera and these points are used to localize the LFVwithin the
image frame or other coordinate frames through a homogenous transformation. Given
a desired trajectory, yd , defined in image plane, the objective of this visual-servoing
problem is to precisely track this trajectory. For example, a remote pilot of the HFV
can view the scene below and define the desired trajectory in the image frame. Thus,
to solve this problem, a visual-based adaptive-repetitive control scheme is proposed.
The stability and performance of the control system is rigorously shown, followed
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by simulation and experimental results. To begin, the notation and relevant reference
frames are described next.

3.1 Notation and Reference Frames

Scalars are represented by regular math script (e.g., a and ψ), vectors are denoted
by bold lower-case letters (e.g., y and η), matrices are bold capital letters (e.g., A
and �), the homogeneous transformation and rotation matrices are denoted by T
and R, respectively. The leading superscript variable denotes the frame where the
vector is with respective to and the subscript variable denotes the vector(e.g., W uQ

represents the velocity of the quadcopter frame Q with respect to the world frame W
and expressed in frame Q). A diagonal matrix with zi on the i th-diagonal is denoted
by Z = diag(z1, . . . , zi ).

There are six coordinate frames of interest, denoted by W , B, Q, C , H , and I , and
they are shown graphically in Fig. 1. The right-handed Cartesian coordinate system
(reference frame) is adopted in this work. Specifically,

W The Earth-fixed inertial coordinate system (i.e.,world frame) is denoted by
W (xW , yW , zW , OW ) with origin OW and the zW -axis points toward Earth. Thus,
the plane xW OW yW is parallel to the ground plane.

B The body-fixed coordinate system denoted by B(xB, yB , zB, OB) is fixed on the
LFV (such as a quadcopter shown in Fig. 1), where the origin OB coincides with
the center of mass of the aircraft. Also, the axes xB and zB point out the nose and
the belly of the aircraft, respectively.

Q The quadcopter frame Q(xQ, yQ, zQ, OQ) is also attached to the LFV, but it is
assumed that the plane defined by xQOQ yQ is parallel to the ground plane at all
times and the origin OQ coincides with origin OB . Additionally, axis xQ aligns
with the forward direction of the vehicle. In other words, if the pitch angle of the
aircraft is zero, xB and xQ have the same sense.

C The camera frame is represented by C(xC , yC , zC , OC ), which is fixed on the
camera and the camera is attached to the HFV as illustrated in Fig. 1.

H The HFV frame H is denoted by H(xH , yH , zH , OH ) and the relative pose of the
camera frame C and the HFV frame H is constant.

I The image frame I is denoted by I (xI , yI , OI ).

3.2 Problem Statement

Let the user define a desired trajectory in the image plane as shown in Fig. 1. In other
words, the user views the scene and defines the desired trajectory for the LFV to track.
Then, two corresponding desired trajectories (yd1(t) and yd2(t)) associated with the
two feature points, p1(t) and p2(t), on the LFV are determined in the image plane. The
control objective is for the LFV to track yd1(t) and yd2(t) as close as possible. The
camera’s intrinsic and extrinsic parameters (the homogeneous transformation from H
to C) are uncertain. The following assumptions are made:
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A1 The HFV’s camera travels along a circular trajectory with known angular velocity
WωzH , and the plane created by this trajectory is parallel the ground plane.

A2 The pose of the LFV in the HFV frame H is known.
A3 The feature points p1 and p2 on the LFV are in the field of view of the camera at

all times, i.e., they are in the image plane. Their coordinates in the body frame are
known.

It is noted that the proposed visual-servo control algorithm does not require any pose
information for the HFV. What is needed is the angular velocity of the HFV, which is
readily available since the remote pilot operating the HFV sets the velocity. Also, the
image plane does not have to be parallel to the ground plane.

Remark 1 It is pointed out that the 3D position (H xQ(t), H yQ(t), and H zQ(t)) and
the attitude (roll φ(t), pitch θ(t), and yaw ψ(t) angles) of the LFV defined in the
HFV frame H can be determined from sensors such as inertial measurement unit
(IMU) or a camera mounted to the LFV. The two states of roll (φ(t)) and pitch (θ(t))
angles are controlled by the onboard flight controller on the LFV. Additionally, the
LFV is velocity controlled, and there are a total of four inputs W uQ(t), i.e., three
linear velocities (W vxQ(t), W vyQ(t) and W vzQ(t)) of the quadcopter with respect to
the world frame W and expressed in the quadcopter frame Q as well as one angular
velocity (WωzQ(t)) along zQ with respect to the world frameW . The angular velocity
of the circling HFV WωzH can be obtained by the IMU or magnetometer on the HFV.

3.3 Kinematics Modeling

Below, the kinematic model for the LFV based on the two detected feature points
B pi , i = 1, 2 in the body frame is presented. This model is exploited in the control
system design and analysis. First, let the homogeneous transformation from the body
frame B to the HFV frame H be denoted by HTB , where the transformation maps B pi
from the body frame B to the HFV frame H , i.e.,

[
H pi (t)

1

]
= HT B(t)

[
B pi (t)

1

]
, (1)

and HuQ(t)
�=[HυxQ, HυyQ, HυzQ, HωzQ]T denotes the velocities of the quadcopter

frame Q relative to the HFV frame H and expressed in Q. Then, the time derivative of
H pi (t) that describes the relationship between the motion of the feature point relative
to the HFV frame H and HuQ(t) can be derived from Eq. (1) as follows:

H ṗi (t) = Li (φ(t), θ(t), ψ(t), B pi (t))
HuQ(t), (2)

whereL1i is the interactionmatrix (Hutchinson et al. 1996;Chaumette andHutchinson
2006), given by

Li
�=

⎡
⎣ cψ −sψ 0 −sψ Bxi − cψ

B yi
sψ cψ 0 cψ

Bxi − sψ B yi
0 0 1 0

⎤
⎦ ,
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where sα � sin(α) and cα � cos(α), for some angle α. Second, the intrinsic matrix
of the camera is given by A ∈ �3×3 (Luca et al. 2008), i.e.,

A
�=

⎡
⎣α1 α12 x0I

0 α2 y0I
0 0 1

⎤
⎦ . (3)

Third, the constant homogeneous transformation from theHFV frame H to the camera
frame C is defined as CT H .

Let yi (t) = [I xi (t),I yi (t)]T denote the projection of the i-th feature point on the
image plane, and Czi (t) denote the depth of the feature point relative to the camera
frame C . Then, there exists

[
yi (t)
1

]
= 1

C zi (t)

[
A 03×1

] CT H︸ ︷︷ ︸
H

[
H pi
1

]
, i = 1, 2 (4)

where thematrixH contains the intrinsic and extrinsic parameters of the camera. From
Eq. (4),

yi (t) = 1
Czi (t)

[
h1
h2

] [
H pi (t)

1

]
, (5)

Czi (t) = h3

[
H pi (t)

1

]
, (6)

where hi denotes the i-th row of H. The kinematics of the image-based visual-servo
system of the LFV can be formulated by taking the time derivative of Eqs. (5) and (6)
and substituting Eq. (2), hence,

ẏi (t) = 1
C zi (t)

Bi (t)Li (t)︸ ︷︷ ︸
Ji (t)

HuQ(t), (7)

C żi (t) = h̄3Li (t)︸ ︷︷ ︸
Fi (t)

HuQ(t), (8)

where h̄i denotes a vector hi without its fourth element and

Bi (t) =
[
h̄1 − I xi (t)h̄3
h̄2 − I yi (t)h̄3

]
.

The general form of the kinematics of the system including the two feature points is
given by

ẏ(t) = Z−1(t)J(t)HuQ(t),

Ż(t) = F(t)HuQ(t), (9)
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where

y(t) =
[
y1(t)
y2(t)

]
∈ �4 × 1, J(t) =

[
J1(t)
J2(t)

]
∈ �4×4,F(t) =

[
F1(t)
F2(t)

]
∈ �4×4,

Z(t) = diag(Cz1(t),
Cz1(t),

Cz2(t),
C z2(t)) ∈ �4×4. (10)

It is pointed out that there are 12 different unknown constant parameters, e.g.,
hi j , for i = 1, . . . , 3, j = 1, . . . , 4, where hi j represents i th-row and j th-column
of H. Now let ρ = [h11, h12, h13, h14, h21, h22, h23, h24, h31, h32, h33, h34]T be the
estimated parameters which appear in the matrix J(t) and F(t), as well as the depth
Z(t), because it needs to be calculated through Eqs. (6) and (1). For any vector u(t)
and �(t) ∈ �4×1, J(t)u(t), F(t)u(t), and Z(t)�(t) can be parameterized into the
following linear form:

J(t)u(t) = C(t)ρ, F(t)u(t) = Q(t)ρ, Z(t)�(t) = W(t)ρ, (11)

where C(t),Q(t), andW(t) ∈ �4×12 represent the regressor matrices independent of
ρ.

4 Adaptive-Repetitive Controller Design and Stability Analysis

Consider the control system block diagram shown in Fig. 2, where G denotes the
kinematics model of the LFV, � is the repetitive control system, � is the adaptive
control law, and� is an image-based control system. Specifically, the adaptive control
system (which includes the adaptive law � and the image-based trajectory tracking
controller � in Fig. 2a) is responsible for ensuring the stability of the closed-loop
system with uncertainty in the model of the camera. The repetitive controller (� in
Fig. 2a) is responsible for tracking the periodic trajectories observed in the image
frame. For example, Fig. 3a1, b1 shows examples for the two feature points on the
LFV that lead to periodic trajectories in the image frame I , Fig. 3a2, b2. In the first
case, the LFV is hovering at a fix location (Fig. 3a1) and as the HFV’s camera circles
above, the trajectories of the two feature points on the LFV result in two concentric
circular trajectories in the image plane as shown in Fig. 3a2. The image pixel locations
as a function of time for the two points are periodic in nature as illustrated in Fig. 3a3.
Finally, Fig. 3b1 shows another example where the LFV’s desired path in the world
frame traces out a flower-shaped trajectory and the resulting trajectories in the image
frame are shown in Fig. 3b2, b3. Thus, the periodic trajectories in the image frame are
exploited in the repetitive control design process to minimize the tracking error.

4.1 Repetitive Controller

Repetitive control is based on the internal model principle (Francis and Wonham
1976), where high-accuracy tracking of a period trajectory is achieved by including
a signal generator with the same period as the reference trajectory in the closed-loop
system (Hara et al. 1988).
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Fig. 3 Examples of a desired position (a1) and path (b1) for two feature points, p1 and p2, of the LFV
in the world frame, and corresponding paths of the two features points in the image plane (a2, b2) and the
pixel location versus time (a3, b3). These examples illustrate the nature of the periodic trajectories in the
image plane (a3, b3), making it ideally suited for repetitive control

Let the image error of the i-th feature point be defined as ei (t) = ydi (t) − yi (t),
for i = 1, 2. Then, let the image error vector be defined as e(t) = [eT1 (t), eT2 (t)]T .
Basically, the RC stores ei (t) from the previous period and then adds the previous error
to the error in the current period, ei (t). The RC gains kr and ks control the performance
of the RC. A low-pass filter with cutoff frequency ωr > 0 is used to attenuate high-
frequency noise. The period of the desired trajectory is given by T = 2π(WωzH )−1.
The RC state vector and the output are �(t) and η(t) ∈ �4×1, respectively.

From the block diagram of the RC shown in Fig. 2b, the RC state and output
equations are given by

�̇(t) = −ωr�(t) + ksη(t), (12)

η(t) = ωr kr�(t − T ) + e(t). (13)
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Taking the time derivative of η(t) gives

η̇(t) = −Z−1(t)J(t)HuQ(t) + �(t), (14)

where

�(t) = −ω2
r kr�(t − T ) + ω2

r k
2
r ks�(t − 2T ) + ωr kr kse(t − T ) + ẏd(t). (15)

4.2 Adaptive Controller Design

Since accurate values of the intrinsic and extrinsic parameters of the camera are uncer-
tain and/or unknown, the true values of these parameters ρ are not available. Therefore,
an adaptive control law � is developed to determine good estimates of the parameters
ρ̂. Then, ρ̂ will be used in the image-based trajectory tracking controller �.

To begin the design of the adaptive control law, let the image Jacobian matrix be
defined as

D(t) = −J(t) + 1

2
M(t)F(t), (16)

where M(t) = diag(η1(t), η2(t), η3(t), η1(t)) and ηi (t) is the i th-element of η(t).
As described in the kinematics modeling Sect. 3.3, the regressor matrix N(t) =
M(t)Q(t)/2 − C(t) independent of ρ(t) leads to

D(t)u(t) = N(t)ρ. (17)

Then, the image-based trajectory tracking controller � takes the following form:

W uQ(t) = HuQ(t) +Q RW (t)W ucmp(t), (18)

where W uQ(t) is the control signal sent to the quadcopter and it represents the velocity
of LFV relative to the world frame W , expressed in the quadcopter frame Q and
QRW (t) is the rotation matrix from the world frameW to the quadcopter frame Q. In
Eq. (18), HuQ(t) represents the velocity of quadcopter with respect to the HFV frame
H , expressed in the quadcopter frame Q, and it is designed based on the adaptive
control law

HuQ(t) = D̂−1(t)(−Kpη(t) − Ẑ(t)�(t) − ks�(t)), (19)

where Kp ∈ �4×4 denotes a positive-definite diagonal gain matrix and a matrix with
a hat symbol means that it is calculated using the estimated parameters ρ̂(t) which is
proposed below by the adaptive law. Finally, in Eq. (18),

W ucmp(t) =
[

W pQ(t)
[
0 0 WωzH (t)

]T
WωzH (t)

]
(20)
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is a velocity to compensate for the motion between the HFV frame H and the world
frame W , expressed in the world frame W .

Now, the adaptive law � will be presented. The estimated projection error is

ep(t j , t) = [eTp1(t j , t), eTp2(t j , t)]T ,

where

epi (t j , t) =
[
ĥ3(t)I xi (t j ) − ĥ1(t)
ĥ3(t)I yi (t j ) − ĥ2(t)

] [
H pi (t j , t)

1

]
, (21)

according to Eq. (5). It is noted that ep(t j , t) is time-varying and it is calculated using
the time-varying ρ̂(t) as well as y(t j ) and H pB(t j ) measured at time t j . Utilizing
Eq. (5), ep(t j , t) can be parameterized in a linear form as

ep(t j , t) = G(t j )ρ̃(t), (22)

where ρ̃(t) = ρ̂(t) − ρ(t) and the regressor matrix G(t j ) does not depend on ρ(t).
Then, the adaptive law � is given by

˙̂ρ = �−1[(NT + WT )η −
m∑
j=1

GT (t j )Keep(t j , t)] (23)

whereKe ∈ �4×4 and� ∈ �12×12 are the positive-definite and diagonal gainmatrices.

4.3 Stability Analysis

Lyapunov stability of the closed-loop adaptive-repetitive controller is shown next. It
is pointed out that the motion of the camera is not considered, but assumed to have a
constant angular velocity. Also, the reference frame of interest is the HFV frame H .

Let the system described by Eqs. (7) and (8) satisfy AssumptionA1−A3. Then, the
image-based trajectory tracking controller given by Eq. (19) and the adaptive control
law given by Eq. (23) result in asymptotic tracking of the desired image trajectories,
even though the camera parameters are not exactly known. To show this, consider the
positive-definite function

V (t) = 1

2
(ηT (t)Z(t)η(t) + �T (t)�(t) + ρ̃T (t)�ρ̃(t)). (24)

Then, the time derivative of V (t) is given by

V̇ (t) = 1

2
ηT (t)Ż(t)η(t) + ηT (t)Z(t)η̇(t) + �T (t)�̇(t) + ρ̃T (t)� ˙̂ρ(t). (25)
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Using Eqs. (8), (12), and (14), Eq. (25) can be rewritten as

V̇ (t) = ηT (t)

⎡
⎢⎢⎢⎣

(
1

2
M(t)F − J (t)

)
︸ ︷︷ ︸

D(t)

HuQ(t) + Z(t)�(t)

⎤
⎥⎥⎥⎦

+ks�
T (t)η(t) − ωr�

T (t)�(t) + ρ̃T (t)� ˙̂ρ(t),

which can be rearranged to factor out ρ̃(t) = ρ̂(t) − ρ(t) as follows:

V̇ (t) = ηT (t)
(
D̂(t)HuQ(t) + Ẑ(t)�(t) + ks�(t)

)
− ωr�

T (t)�(t)

−ηT (t)
(
D̂(t) − D(t)

)
HuQ(t)︸ ︷︷ ︸

N(t)ρ̃(t)

−ηT (t)
(
Ẑ(t) − Z(t)

)
�(t)︸ ︷︷ ︸

W(t)ρ̃(t)

+ρ̃T (t)� ˙̂ρ(t).

Finally, plugging in the image-based trajectory tracking controller Eq. (19) and adap-
tive law Eq. (23), leads to:

V̇ (t) = −ηT (t)Kpη(t) − ωr�
T (t)�(t) −

m∑
j=1

ρ̃T (t)GT (t j )KeG(t j )ρ̃(t) ≤ 0,(26)

whereKp andKe are positive-definite diagonal gain matrices. It is pointed out that to
make sure that GT (t j )KeG(t j ) is a positive definite matrix, a sufficiently large m is
selected. From this equation, the function V (t) never increases, and the initial value
V (0) is its upper bound. Therefore, from the definition of V (t), bounded V (t) implies
that the filtered image errors η(t), �(t), and the estimated parameter errors ρ̃(t) are
bounded. Hence, the image errors e(t) are bounded according to Eq. (13). By Eq. (19),
the control input signal is bounded, which implies that ė(t) is bounded through the
kinematics models (7). Next, by Eq. (23), ˙̂ρ(t) is bounded. By Eqs. (14) and (12), η̇(t)
and �̇(t) are bounded. As a result, the time derivative of Eq. (26), i.e.,V̈ , is bounded,
and V̇ is uniformly continuous. By Barbalat’s Lemma (Khalil and Grizzle 1996), there
exists V̇ → 0 as t → ∞ such that lim

t→∞ η(t) = 0, lim
t→∞ �(t) = 0, lim

t→∞ ρ̃(t) = 0, for

j = 1, . . . ,m. Thus, the image errors e(t) approach zero.

Remark 2 The singularity of D̂(t) is not considered in this paper. To avoid it when cal-
culating its pseudo-inverse in the image-based trajectory tracking controller, a potential
field approach (Wang et al. 2007) can be added to the image-based trajectory tracking
controller and adaptive control law.

5 Simulation Details and Results

Simulations are performed using MATLAB software to study the performance of first
the repetitive controller and next the adaptive controller, followed by the adaptive-
repetitive controller to handle the persisting periodic tracking error in the image frame
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Fig. 4 The experimental setup where a quadcopter serves as the LFV and the HFV is created by attaching a
wireless camera to amotorized rotating arm, suspended above the LFV. The arm rotates withWωzH , and the
camera points downward. A motion capture system is used to record the ground truth values of quadcopter.
The controllers are implemented on a ground station computer using the Robot Operating System (ROS)
platform. Experiments were conducted in a 8.5m×6.5m×6.5m flight volume at the University of Utah
Robotics Center

I . In the next section, the controllers are implemented on a physical system and the
experimental results are presented and compared to the simulation results.

For the simulation, the size of the LFV is chosen as 0.25m× 0.25m. This footprint
matches that of the physical experimental LFV (AR.Drone quadcopter) shown in
Fig. 4. The positions of the two feature points on the LFV in the body frame B are
B p1 = [−0.125, 0.125, 0]T m and B p2 = [0.125,−0.125, 0]T m. It is assumed that
the LFV can achieve the desired velocity, W uQ(t), through a low-level servo system
(velocity controlled).

TheHFVhas a camera (assumed to have resolution 640×480)with intrinsic param-
eters α1 = α2 = 578, α12 = 0, x0I = 333 pixels, and y0I = 249 pixels. The extrinsic
parameters, HTC−1, is given by

HTC = Tr(H pC )Rt(zH , ψC )Rt(yH , θC )Rt(xH , φC ), (27)
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where Tr represents a translation transformation matrix, i.e.,

Tr(H pC ) =
[
I3×3

H pC
01×3 1

]
. (28)

In Eq. (27), Rt(xH , φC ) denotes a rotation transformation matrix about the xH -axis,
by angle φC ; H pC = [0.66, 0,−4.5]T m is the position of OC in the HFV frame H ;
and φC = 0.27 rad., θC = −0.05 rad., and ψC = −1.56 rad.

The world frameW coincides with the HFV frame H at the start of the simulation.
The initial values of the estimated parameters are: α̂1(0) = α̂2(0) = 100, α̂12(0) = 0,
x̂0I (0) = 320 pixels, ŷ0I (0) = 240, H p̂C (0) = [1, 0.1,−6]T m, φ̂C (0) = 0.5 rad,
θ̂C (0) = −0.01 rad, and ψ̂C (0) = 3 rad. Finally, the sampling time is 80ms.

In the first case, the LFV is required to hover in place (in the world frame) at the
location [0, 0,−2]T m, as the HFV circles above and monitors the situation. The
desired yaw angle is fixed at 0 rad. The initial pose is W pQ = [0.5, 0.5,−2]T m
and [0, 0, 0]T rad. The control gains are chosen as Kp = 2I4×4. The angular veloc-
ity of the HFV relative to the world frame is chosen as WωzH = π/8 rad/s (hence
TH = 16 s). As noted, the image trajectory is T = 16 s. The cutoff frequency of
the low-pass filter used in the RC is selected as ωr = 0.2 rad/s. The RC gain is
chosen as kr = 0.9 and ks = 1.7, with a phase lead of 45 steps for the RC—the
details of tuning the RC are described in Aridogan et al. (2009). The gains in the
adaptive law are chosen as �−1 = 10−5diag(1, 1, 1, 1, 1, 1, 10, 10, 1, 1, 1, 102),
and Ke = 10−6I4×4. The gains in the adaptive-repetitive controller are same as
above.

The simulation results for the first case are shown in Fig. 6, comparing the perfor-
mance between the adaptive control law to that of the combined adaptive-repetitive
controller. In particular, Fig. 6a1 shows the trajectories of the two feature points p1
and p2 on the LFV plotted in the image frame I , while Fig. 6a2 shows the trajectory of
the center of mass of the LFV (i.e., average distance between the two feature points)
plotted in the world frameW , both under adaptive control. On the other hand, Fig. 6b1
shows the trajectories of the two feature points plotted in the image frame and Fig. 6b2
shows the trajectory of the center of mass of the LFV plotted in the world frame W ,
both under the adaptive-repetitive controller. The magnitude of the tracking error in
the image and world frame (under the adaptive and adaptive-repetitive controllers) are
shown in Fig. 6c1, d1, respectively. It is readily apparent when comparing Fig. 6a2–b2,
as well as examining the tracking error response in Fig. 6d1 in the world frame, that the
proposed adaptive-repetitive controller out performs the standard adaptive controller
and forces the LFV to hover in place in the world frame. In fact, the tracking error
reaches steady state at approximately 25s. It is pointed out that the results in Fig. 6a4,
b4, c4 where measured using a Viconmotion capture system, thus the results represent
ground truth in terms of the response of the center of mass of the LFV in the world
frame.

In the second case, the desired trajectory is a flower-shaped closed path with a
footprint of 3×3m2, starting at the point [0, 0,−2]T m and [0, 0, 0]T m, and the
trajectory evolves in a clockwise fashion as perceived from the HFV, where the desired
yaw angle is fixed at 0 rad in the frame H . The angular velocity of the HFV relative
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Fig. 5 The experimental results for approximately two revolutions of the HFV’s camera for hovering in
place (Case 1). As shown, the LFV accurately tracks the two feature points (black and green dots) between
t = 22−32 s (Color figure online)

to the world frame is chosen as WωzH = −π/15 rad/s (hence TH = 30 s). The
desired trajectory in the HFV frame H to create the flower-shaped trajectory in the
world frame is given by H pQ = [0.15 sin(0.2π t), 0,−2]T . The initial pose is chosen
as W pQ = [0.5,−0.3,−2]T m and [0, 0, 0]T rad. The control gains are chosen as
Kp = 2I4×4, and the RC gains are chosen as kr = 0.9, ks = 1.7 and ωr = 0.22 rad/s
with the phase lead of 25 steps. The gains in the adaptive law are chosen as same as
the ones in the first case. The gains in the adaptive-repetitive controller are the same
as above.

The simulation results for the second case are shown in Fig. 7, comparing the per-
formance between the adaptive control law to that of the adaptive-repetitive controller.
Figure 7a1 shows the trajectories of the two feature points on the LFV plotted in frame
I , while Fig. 7a2 shows the trajectory of the center of mass of the LFV plotted in frame
W , both under adaptive control. Figure 7b1 shows the trajectories of the two feature
points plotted in the image frame and Fig. 7b2 shows the trajectory of the center of
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Fig. 6 Simulation (a1–f1 and a2–d2) and experimental results (a3–d3, e2–f2, and a4–d4) for Case 1:
hovering at a fixed desired location and orientation. Repetitive controller results: a1 and a3 trajectories for
two feature points on the LFV in the image frame, and a2 and a4 trajectories of the LFV’s center mass in the
world frame. Likewise, adaptive controller results: b1 and b3, and b2 and b4; adaptive-repetitive controller
results: c1 and c3, and c2 and c4. d1, d3 are the control signal (norm of linear velocities), and d2, d4 are the
control signal of angular velocity. e1, e2 are the magnitude of the tracking error versus time in the image
frame (in pixels), and f1, f2 are the magnitude of the tracking error versus time in the world frame

mass of the LFV plotted in the world frameW , both under the adaptive-repetitive con-
troller. The magnitude of the tracking error in the image and world frame (under the
adaptive and adaptive-repetitive controllers) are shown in Fig. 7c1, d1, respectively.
Like the results in Case 1, comparing Fig. 7a2, b2 and the tracking error response
in Fig. 7d1 in the world frame, the adaptive-repetitive controller shows significantly
lower tracking error.

Table 1a summarizes the simulation results for the two cases described. In particular,
the maximum and root-mean-square (RMS) errors in both the image frame and world
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Fig. 7 Simulation (a1–f1 and a2–d2) and experimental results (a3–d3, e2–f2, and a4–d4) for Case 2:
flower-shaped trajectory in the world frame. Repetitive controller results: a1, a3 trajectories for two feature
points on the LFV in the image frame, and a2, a4 trajectories of the LFV’s center mass in the world frame.
Likewise, the adaptive controller results: (b1, b3, and b2, b4); adaptive-repetitive controller results: (c1,
c3, and c2, c4). d1 and d3 are the control signal (norm of linear velocities), and d2 and d4 are the control
signal of angular velocity. e1 and e2 are the magnitude of the tracking error versus time in the image frame
(in pixels), and f1, f2 are the magnitude of the tracking error versus time in the world frame

frame relative to the total range are listed. The simulation results show that the adaptive-
repetitive controller reduces the RMS tracking error for the hover case (Case 1) by
over 91% in the image plane and over 94% in the world frame compared to using
just the repetitive controller. Likewise for Case 2 (tracking flower-shaped trajectory),
the simulation results show that the adaptive-repetitive controller reduces the RMS
tracking error by over 96% in the image plane and over 61% in the world frame
compared to the repetitive controller.
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6 The Experimental Setup and Implementation Details

The adaptive-repetitive controller is implemented on a physical system in an indoor
flight volume with dimensions of approximately 8.5m by 6.5m by 6.5m. Figure 4
shows the details of the experimental setup, where an AR.Drone 2.0 quadcopter
(0.25m×0.25m) serves as the LFV and the HFV is created by attaching a wire-
less camera system (with 640×480 pixels resolution) to a motorized rotating arm,
suspended approximately 5m above the ground floor. The camera points downward,
and the LFV is controlled to stay within the field of view of the rotating camera.
The closed-loop visual-servo controller, with loop rate of 12.5Hz, is implemented
on a desktop computer in the Robot Operating System (ROS). The quadcopter LFV
is customized to work with ROS. A PID velocity control loop is developed for the
LFV to control its velocity. The video stream from the rotating (HFV) camera is
fed to the desktop computer running a feature point detection algorithm (thresh-
olding in ROS), and running at a loop rate of 12.5Hz. The quadcopter has one
blue and one red propeller in which the feature point detection algorithm picks off
as the two feature points on the LFV. A Vicon motion capture system is used to
record position and orientation of the quadcopter LFV for analysis and performance
characterization.

The world frame W coincides with the HFV frame H at the start of each exper-
imental run. The actual intrinsic and extrinsic camera parameters are unknown at
the start of each experiment, and the initial conditions for the system are cho-
sen as the same as the simulation. The control gains are chosen as Kp = 2I4×4,
�−1 = 10−5diag(1, 1, 1, 1, 1, 1, 5, 5, 2, 2, 5, 5), and Ke = 10−6I4×4.

7 Experimental Results and Discussion

The experimental results for Case 1, hovering in place (in the world frame) at the
location [0, 0,−2]T m, are shown in Fig. 6, which compares the performance between
the adaptive control law to that of the adaptive-repetitive controller. In the experiment,
the desired yaw angle is fixed at 0 rad and the initial pose and the angular velocity of
rotating arm are the same as in the simulation. The cutoff frequency of the low-pass
filter used in the RC is selected asωr = 0.1 rad/s. The RC gains are chosen as kr = 0.8
and ks = 1.5, with a phase lead of 32 steps for the RC.

Figure 5 presents a series of images extracted from the video feed from the HFV’s
camera, showing the performance of the adaptive-repetitive visual-servo controller.
As shown, the LFV accurately tracks the two feature points (black and green dots)
between t = 22–32 s.

In the second case, tracking a flower-shaped trajectory, the initial pose and the
angular velocity of rotating arm in the experiment are same as in the simulation.
The RC gain is chosen as kr = 0.75 and ks = 1.6 and ωr = 0.2 rad/s with the
phase lead of 17 steps. The experimental results are shown in Fig. 7, which compares
the performance between the adaptive control law to that of the combined adaptive-
repetitive controller.
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Table 1 Tabulated tracking errors: (a) simulation results and (b) experimental results

Image variables y(t) Pose variables w PQ(t), ψ(t)

e_max(%) e_rms(%) e_max(%) e_rms(%)

(a) Simulation

Hover (case 1)

Repetitive 0.46 0.44 1.12 1.12

Adaptive 0.13 0.09 0.47 0.32

Repetitive+adaptive 0.04 0.04 0.13 0.07

Flower traj. (case 2)

Repetitive 2.04 1.30 0.84 0.56

Adaptive 0.29 0.19 0.56 0.39

Repetitive+adaptive 0.08 0.05 0.28 0.22

(b) Experiment

Hover (case 1)

Repetitive 4.54 3.14 3.56 2.70

Adaptive 4.00 1.24 2.87 1.04

Repetitive+adaptive 1.83 0.83 1.05 0.60

Flower traj. (case 2)

Repetitive 5.85 4.17 5.00 3.10

Adaptive 4.58 1.35 3.22 1.21

Repetitive+adaptive 1.78 0.81 1.71 1.15

Table 1b summarizes the experimental results for the two cases described. For
example, the maximum and root-mean-square errors in both the image frame and
world frame relative to the total range are listed. The experimental results show that the
adaptive-repetitive controller reduces the RMS tracking error for the hover case (Case
1) by over 74% in the image plane and over 78% in the world frame compared to using
just the repetitive controller. Likewise for Case 2 (tracking flower-shaped trajectory),
the experimental results show that the adaptive-repetitive controller reduces the RMS
tracking error by over 81% in the image plane and over 63% in the world frame
compared to the repetitive controller.

As the results showFigs. 6, 7 and 5, and Table 1, the adaptive-repetitive visual-servo
controller has superior performance compared to the standard adaptive controller,
where the average RMS tracking error is reduced by over 77% in the image plane and
over 71% in the world frame compared to using the adaptive controller alone. Thus,
the adaptive-repetitive controller yields good tracking performance by compensating
for the repeating tracking error present in the image frame. Additionally, the adaptive
controller deals with uncertainties in the camera’s intrinsic and extrinsic parameters.
Further improvement can be achieved using higher resolution cameras to better resolve
the position and orientation of the LFV. Future work will consider accounting for
unmodeled dynamics and incorporating a disturbance rejection controller to handle
issues such as wind gusts that are typically experienced by aerial robots.
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In summary, the adaptive-repetitive controller enabled the control of a LFV through
a moving high-flying camera. Applications of this work include the use of high-flying
unmanned aerial vehicles (UAVs) with machine vision for monitoring, controlling,
and coordinating the movements of lower altitude agents in areas, for example, where
GPS signals may be unreliable or nonexistent.

8 Conclusions

This paper described the design, analysis, and implementation of a new adaptive-
repetitive visual-servo control system for a moving high-flying vehicle with an
uncalibrated camera to monitor, track, and precisely control the movements of a low-
flying vehicle or mobile ground robot. Specifically, an adaptive control law is used
to deal with uncertainties in the camera’s intrinsic and extrinsic parameters. Due to
the existence of periodic tracking error, a repetitive controller is combined to mini-
mize the tracking error. Overall, the simulation and experimental results showed good
tracking performance. Future work will consider accounting for unmodeled dynamics
and incorporating a disturbance rejection controller to handle external disturbances,
such as wind gusts.
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