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Abstract
This article focuses on enabling an aerial robot to fly through multiple openings at high speed using image-based esti-
mation, planning, and control. State-of-the-art approaches assume that the robot’s global translational variables (e.g.,
position and velocity) can either be measured directly with external localization sensors or estimated onboard. Unfor-
tunately, estimating the translational variables may be impractical because modeling errors and sensor noise can lead
to poor performance. Furthermore, monocular-camera-based pose estimation techniques typically require a model of
the gap (window) in order to handle the unknown scale. Herein, a new scheme for image-based estimation, aggressive-
maneuvering trajectory generation, and motion control is developed for multi-rotor aerial robots. The approach described
does not rely on measurement of the translational variables and does not require the model of the gap or window. First, the
robot dynamics are expressed in terms of the image features that are invariant to rotation (invariant features). This step
decouples the robot’s attitude and keeps the invariant features in the flat output space of the differentially flat system. Sec-
ond, an optimal trajectory is efficiently generated in real time to obtain the dynamically-feasible trajectory for the invariant
features. Finally, a controller is designed to enable real-time, image-based tracking of the trajectory. The performance of
the estimation, planning, and control scheme is validated in simulations and through 80 successful experimental trials.
Results show the ability to successfully fly through two narrow openings, where the estimation and planning computation
and motion control from one opening to the next are performed in real time on the robot.
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1. Introduction

High-speed and aggressive flying is desirable in many appli-
cations, for example when an aerial robot has to execute
a task with time constraints for search and rescue inside
of buildings, under a dense canopy, or through obstacle-
dense and cluttered environments. Recently, this prob-
lem has attracted the attention of many researchers (Bry
et al., 2015; Mellinger et al., 2012; Mueggler et al., 2014).
Unfortunately, GPS signal for vehicle localization and
closed-loop control for high-speed maneuvering through
challenging terrain, gaps, and tight spaces is not read-
ily available in most cases to be practical. In addition,
onboard state estimation, motion planning, and flight con-
trol are difficult and challenging tasks, especially given the
limited computational power that is available on many com-
pact and small aerial platforms. In cluttered environments,
slowly maneuvering through narrow openings in a near-
hover state may not be advantageous due to in-proximity
effects affecting vehicle behavior (He et al., 2019). Thus,
the robot should plan and execute an aggressive trajectory.
This process requires the robot to reach a certain attitude

and linear velocity in order to pass through openings or
fly through cluttered environments in a safe manner. This
article presents a method to enable an aerial robot to fly
through a narrow opening at high-speed using vision to
avoid the need for external or bulky and costly localiza-
tion sensors. The method proposed is designed for under-
actuated multi-rotor aerial robots where a single onboard
camera and inertial measurement unit (IMU) are utilized
for real-time image-based vehicle state estimation and the
detection of the target (i.e., window or gap). The method
described herein does not require a model or pose of the
target to be known, and Fig. 1 shows experimental results
for a vehicle flying through openings.
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Fig. 1. Demonstrations of flying through multiple openings using an onboard camera and IMU with onboard computation performed
in real time: (a) flying through a tilted window, (b) flying through two windows, where computation from one window to the next is
performed onboard and in real time, (c) and (d) flying into and out of a small mock-up house, demonstrating a task for search and
rescue.

For many aerial robotic systems, the choice of available
sensors and algorithms that can be used on the vehicle
for state estimation and motion control is constrained by
the allowable payload, computational hardware, and avail-
able power. For instance, LiDAR systems are often bulky,
heavy, and prohibitively expensive. Likewise, implementing
visual-SLAM algorithms (Milford et al., 2011) for localiza-
tion and full-state trajectory optimization (Bouktir et al.,
2008) for motion planning require significant computa-
tional resources. However, low-cost, lightweight, and small
camera systems combined with an IMU are an ideal sen-
sor for state estimation if exploited properly. Algorithms
that are computationally light are also preferred to extend
the operational performance of many aerial vehicles. The
proposed method only uses a single onboard camera with
an IMU, and all computations for state estimation, motion
planning, and control are developed to be executed on the
vehicle to run in real time.

This article addresses three major challenges with respect
to the process of image-based aggressive flying and makes
contributions in the following three areas: (1) state estima-
tion, (2) trajectory planning, and (3) motion control.

First, the aggressive flight problem is formulated in the
image space and does not require explicit information about
the translational variables of the robot (i.e., robot’s position

and velocity). Thus, this approach does not require vision-
based position estimation (Falanga et al., 2017; Loianno
et al., 2017). It is pointed out that vision-based position
estimation adds computational complexity, and the output
is often sensitive to image noise and camera calibration
errors. Here, instead, the outputs of the system are image
features s, defined in the unified-spherical coordinate sys-
tem, that are invariant to rotation. Throughout the rest of
this article, these invariant visual features will be referred
to as invariant features (Tahri et al., 2013). Although the
invariant features s cannot be measured directly, they can
be calculated in an efficient manner using the coordinates
of the feature points measured in the image plane. It is
shown that at least four feature points around the opening
of a target with rigid geometric constraints are needed for
state estimation and translational motion control. Further-
more, because s can be decoupled from the robot’s attitude,
then under-actuation issues can be handled and the invari-
ant features s can be made to stay in the flat-output space of
the under-actuated camera-robot system. The differential-
flatness property helps to reduce the dimension of the states
in the trajectory planning process, enabling more efficient
motion planning.

Second, the aggressive-flight motion planning problem is
solved in the image space. It is proved that the invariant
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features s and the heading angle of the robot are the flat
outputs of the system. A new and efficient image-based tra-
jectory planning algorithm is developed to plan the optimal
dynamically-feasible trajectory for s based on the prop-
erty of differential flatness and the Euclidean homography
matrix. Thus, planning the trajectories for the flat outputs s
is more efficient compared with doing the same for the full
state.

The estimation, motion planning, and control process is
summarized as follows. First, it is assumed that the desired
image of the opening at the time the robot flies through
the opening and the robot’s velocity at that same time are
given. Then, through an optimization process, the computed
trajectory for s is used to guide the robot from an initial
starting position to the desired pose described by the desired
image. If the robot can execute this trajectory precisely, then
it will reach the desired pose and velocity enabling it to
pass through the opening. Afterwards, the robot free-falls
through a parabolic trajectory as it exits the window without
any visual feedback control. The trajectory s is calculated
from a series of image frames transformed by the optimal
trajectory of the homography matrix. The optimization min-
imizes the snap in the translation from each camera frame to
the desired image. The initial and final conditions are cal-
culated by the decomposition of the homography matrix.
The planned trajectory is expressed in terms of polyno-
mials which can be easily differentiated, constrained, and
algebraically mapped to other spaces.

Lastly, to control the under-actuated aerial robot to
track the planned aggressive trajectory s, a new hierar-
chical control scheme, which includes an image-based
outer position-control loop and a quaternion-based inner-
attitude-control loop, is designed and implemented. The
rotation of the vehicle along the thrust direction is con-
trolled separately by locking the centroid of the feature
points in the middle of the view of the image (i.e., active
vision) in order to observe them as clearly as possible.
The unknown depth is recovered by the decomposition
of the homography matrix. Potential singularity and local
minima issues are evaluated in a simulation study. Finally,
practical experiments are shown and the results show that
the singularity and local minima issues do not hamper the
performance of the proposed image-based approach to any
significant degree (see results in Fig. 1).

Compared with state-of-the-art approaches, the proposed
algorithm has four main contributions. First, the transla-
tional dynamics are formulated in terms of the features
defined in the image space. Thus, the system is free of posi-
tion estimation and does not require the model and pose of
the opening. Second, the invariant features s enable decou-
pling of the rotation from position control. This process uni-
fies the invariant features defined in both the virtual-camera
and unified-spherical coordinate frames. It is pointed out
that prior works mainly focus on evaluating the kinematic
performance of the invariant features to rotation (Fom-
ena et al., 2011; Tahri et al., 2013, 2010) or consider
closed-loop stability of image-based visual servo (IBVS)

operating in slow motion without trajectory planning
(Hamel and Mahony, 2002; Mebarki et al., 2015; Serra
et al., 2016). Therefore, this is the first attempt to extend
these techniques to dynamic control for aggressive maneu-
vers of an under-actuated aerial robot. Third, by showing the
differential flatness of the under-actuated camera-robot sys-
tem, the described trajectory-planning algorithm exploits
the homography matrix in order to generate a trajectory of
invariant features that satisfy both the aerial robot’s dynam-
ics and the geometric consistency of feature points. Related
work, for example, has focused on the feasibility of tra-
jectory planning for a robot with holonomic constraints
(Mezouar and Chaumette, 2003). Fourth, simulations and
experiments demonstrate the effectiveness of the estima-
tion, planning, and control scheme. For example, two tilted
narrow openings are traversed successfully. Experiments
are also conducted to demonstrate that the robot can fly
through a small house, entering through one window and
exiting through another (see results in Fig. 1). The state
estimation, motion planning, and control are performed
onboard and executed in real time. To best of the authors’
knowledge of the authors, this is the first time that such a
demonstration has been shown. It is further pointed out that
the proposed algorithms can be applied to different types of
cameras, including a perspective, catadioptric, and fish-eye
lens camera model.

2. Related work

There are three important considerations for achieving
aggressive flight. First, the reference output trajectories
between the initial and desired pose of the robot need to
be planned and must be achievable given the dynamics of
the robot. Second, the robot’s outputs that are fed back
to a motion controller, which can be defined in Cartesian
or image coordinates, need to be estimated or measured.
Finally, a capable controller is needed to track the planned
output trajectories as closely as possible. The following is a
thorough review of the state of the art and knowledge gaps.

2.1. Trajectory generation

Trajectory generation for aggressive flight is needed to
create sufficiently-smooth, optimal, and collision-free tra-
jectories that satisfy the constraints imposed by the dynam-
ics of the robot. Various methods have been proposed,
including search-based techniques such as A* or D* and
sampling-based planners such as rapidly-exploring ran-
dom trees (RRT). However, compared with these methods,
optimization-based approaches are better suited for quad-
copters because of the nonlinear constraints and the high-
dimensional nature of the state space (Tang and Kumar,
2018). Optimization for a class of trajectories with min-
imum time and shortest path have been studied by Hehn
and D’Andrea (2011) and Vitus et al. (2012), respectively.
The differential-flatness property has been widely leveraged
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in optimization. One of the main benefits is that a small
number of variables in the flat output space can be used
to represent the trajectory of the robot (Bry et al., 2015).
For example, Mellinger and Kumar (2011) found that the
3D position and yaw angle represent flat outputs in Carte-
sian space. The snap and second derivative of yaw, which
relates the input moment, were minimized (Bry et al., 2015;
de Almeida and Akella, 2017; Hehn and D’Andrea, 2011;
Liu et al., 2018; Loianno et al., 2017; Mellinger and Kumar,
2011; Mellinger et al., 2012; Thomas et al., 2016b; Vitus
et al., 2012; Watterson and Kumar, 2018). In addition, a
process for rapid trajectory generation and verification of
feasibility of motion primitives for quadcopters was devel-
oped by Mueller et al. (2015). This approach was exploited
for aggressive flight through gaps (Falanga et al., 2017) and
cluttered environments (Liu et al., 2018). Similarly, a safe
flight corridor around obstacles for a quadcopter was cre-
ated using a set of convex polytopes (Landry et al., 2016). In
general, the aforementioned works focused on the trajectory
generation problem in Cartesian space.

Trajectory generation directly in the image space was
used to determine dynamically-feasible trajectories for the
robot starting from an initial image acquired by a cam-
era to some desired image (Thomas et al., 2016a, 2014).
Planning in the image space is motivated by the lack of
available position information or the ability to estimate
the needed output information. However, one challenge
with image-space trajectory generation is ensuring geo-
metric consistency of feature points during the planning
process, otherwise the planned trajectory of the invariant
visual features may not correspond to an achievable tra-
jectory for the camera and robot (Kazemi et al., 2010).
In the visual-servo community, homography-based trajec-
tory planning is commonly adopted to handle this issue
for a fully actuated camera. For example, Mezouar and
Chaumette (2003) planned a closed-form collineation tra-
jectory corresponding to minimum energy and acceleration
camera trajectories. Then, all of the image-point positions,
in each corresponding camera pose, can be determined that
follow geometric constraints. Similarly, the shortest tra-
jectory (Kyrki et al., 2004) or helicoidal-shaped trajectory
(Allotta and Fioravanti, 2005) for the camera is planned for
IBVS control of a manipulator. The approaches described
by Mezouar and Chaumette (2003), Kyrki et al. (2004),
and Allotta and Fioravanti (2005) assumed the camera has
holonomic constraints with six degrees of freedom (DOFs).
Likewise, Zhang and Ostrowski (2002) planned an optimal-
image trajectory with minimum kinetic energy for an under-
actuated ground mobile robot. The image-space trajectory
generation for underactuated quadcopters is investigated
by Thomas et al. (2016a, 2014); however, components of
the target model were assumed to be known in order to
obtain the orientation of the virtual-image plane. In sum-
mary, there is limited work on trajectory planning in the
image space for quadcopter aerial vehicles when there is a
lack of prior knowledge of the target model.

2.2. Vision-based control schemes

2.2.1. Position-based approaches. For aggressive flight,
the majority of existing approaches rely on the robot’s posi-
tion and linear velocity information defined in Cartesian
coordinates. Typically, the attitude, angular velocity, and
linear acceleration are assumed to be available, for instance
from IMU hardware. In addition, flying through targets such
as gaps, windows, and openings requires knowledge of the
pose or model of the target. In most cases, such information
is also assumed to be available.

Given that localization is a challenging task, global robot
localization systems, such as camera-based motion cap-
ture or GPS, have been used extensively and they provide
continuous and relatively accurate measurements of the
translational variables. Such systems have been leveraged
for motion control, for example, Mellinger et al. (2012)
used motion capture to achieve precise aggressive trajec-
tory tracking and perching on inclined surfaces. Landry
et al. (2016) describe aggressive flight of micro quadcopters
through obstacle-dense environments. Flying with a cable-
suspended payload is presented by Tang and Kumar (2015),
Foehn et al. (2017), and Guo and Leang (2020). In the
work by Neunert et al. (2016), nonlinear model-predictive
control (NMPC) was used for flying through gaps. In the
work described by Mellinger et al. (2012), Tang and Kumar
(2015), and Neunert et al. (2016), the pose of the gaps
were assumed to be known. In Liu et al. (2018), a hierar-
chical graph-search-based algorithm was proposed to find
a dynamically-feasible trajectory for a quadcopter, where
they assumed that a depth sensor measures the pose of
the gap. In general, motion capture systems have enabled
significant advancement in motion control of aerial robots.

Onboard sensors, such as laser range finders and stereo
cameras, instead of a motion capture system, can be
exploited to estimate state and optimize the trajectory
for aggressive flight. For example, Bry et al. (2015)
developed techniques for quadcopters in known cluttered
environments and Shen et al. (2013) demonstrated that
a quadcopter equipped with a stereo camera can fly at
high speed. However, both range finders and stereo cam-
eras are bulky, heavy, and more expensive than monocular
cameras.

Lightweight, low-cost, and low-power monocular cam-
eras have been used to estimate translational variables and
the pose of the robot relative to target features for aggressive
flight. Specifically, the position-based visual servo (PBVS)
control framework is utilized. For instance, a dynamic
vision sensor (DVS) camera recovered the 6-DOF pose for
aggressive maneuvers, but planar shapes or gradient maps
should be known beforehand. A motion capture system was
used to provide pose information for the feedback loop
(Mueggler et al., 2014). Visual odometry (Scaramuzza and
Fraundorfer, 2011) and visual–inertial odometry (Corke
et al., 2007; Hesch et al., 2014; Jones and Soatto, 2011;
Kelly and Sukhatme, 2011) report pose of a vehicle in
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unknown environments, and this approach has been vali-
dated and implemented for high-speed aggressive maneu-
vers as described by Loianno et al. (2017). The researchers
utilized a downward-facing camera with an IMU, and the
work assumed that the pose of the gap is known in advance.
Falanga et al. (2017) utilized a forward-facing camera to
reconstruct the relative pose of the robot with respect to
the gap, but the gap’s shape and size were assumed known.
Herein, an approach is described that utilizes an IMU and
one small and lightweight monocular camera for state esti-
mation, motion planning, and visual-servo control in the
image space, rather than in the Cartesian space. Motion
planning and control in the Cartesian space requires perfect
image measurements and accurate camera, robot, and tar-
get (feature) models because small errors can lead to poor
performance or even instability (Chaumette, 1998).

2.2.2. Image-based approaches. Images from an onboard
camera can be used directly by a position-control loop
through the IBVS control framework. IBVS has a more
straightforward structure and is less computationally
demanding compared to PBVS. IBVS also has better local
stability and convergence properties in the presence of cam-
era calibration and modeling errors compared with PBVS
(Janabi-Sharifi et al., 2011). However, IBVS can suffer from
singularity, local minima, and depth issues (Chaumette,
1998). Here “depth” means the distance from a feature point
to the origin of the camera frame. Depth cannot be mea-
sured by a monocular camera; however, it can be estimated
and used effectively as shown in this work.

IBVS has been widely studied for control of aerial robots,
for example, for aggressive flying and grasping as described
by Thomas et al. (2014) for a quadcopter. In their work,
a set of image features associated with a cylindrical target
was defined in the virtual-image plane and differential flat-
ness was exploited for motion control. The researchers also
noted that dynamically-feasible trajectories of image fea-
tures can be generated and tracked. However, the motion
was constrained to a vertical plane, a motion capture sys-
tem was used to stabilize the rest of the translational motion,
and the orientation and radius of the object were assumed
to be known. Other works on IBVS of quadcopters mainly
focus on stabilization for low-speed maneuvers. For exam-
ple, Thomas et al. (2016a) achieved perching by hanging
from cylindrical objects. Given the radius of a cylinder, the
pose of the camera frame was estimated. The image fea-
tures were then reprojected onto a fixed-orientation virtual-
camera frame in order to remove the effects of attitude from
the image. This process simplifies the trajectory generation
and controller design processes. Likewise, regulation con-
trol has been done by exploiting image moments defined
in the virtual-image plane, but the linear velocity was esti-
mated by a nonlinear observer (Guo et al., 2018; Mebarki
et al., 2015) or measured by a motion capture system (Fink
et al., 2015) for a simplified robot model. In addition, reg-
ulation, object tracking, and landing on a moving platform

were achieved using the image centroid defined on a uni-
fied sphere as well as using observers to estimate the robot’s
linear velocity as described by Hamel and Mahony (2002),
Mebarki et al. (2015), and Serra et al. (2016). In those
papers, the model of the target can be unknown. Recently,
using a monocular camera, Sanket et al. (2018) exploited
the temporally stacked spatial parallax (TS2P) algorithm to
reconstruct an unknown hole in a wall and then fly through
the hole in a near-hover state by aligning the center of the
hole with the center of the field of view. In summary, the
majority of existing works on IBVS for quadcopters require
pose and a model of the target for creating the virtual-image
plane or estimates of the robot’s linear velocity in the world
frame for motion control. Few works focus on aggressive
flying through a narrow gap by exploiting images directly
and without knowledge of the pose and model of the gap.
This paper presents a method that exploits IBVS and relaxes
some of the requirements on the information about the pose
and model of the gap. In addition, the proposed technique
is implemented to show flying through two gaps, where
IBVS-based estimation, motion planning, and control are
performed onboard and in real time, from one gap to the
next.

2.2.3. Virtual camera and unified-spherical model for
IBVS. In IBVS, the observed image features and their
derivatives become the feedback variables in the position-
control loop. However, an image from an onboard camera
contains both the spatial information about the image fea-
tures and the robot’s attitude. To decouple these two effects,
a gimbal can be used to keep the camera at a fixed orien-
tation in the world frame (Thomas et al., 2016a). Alterna-
tively, decoupling can also be achieved by exploiting the
concept of a virtual camera or through a unified-spherical
model. Specifically, in the virtual camera approach, the
extracted image features are projected onto a virtual fixed-
orientation image plane that parallels the target plane (Fink
et al., 2015; Guo et al., 2018; Thomas et al., 2016a, 2014).
Although this technique is successful for quadcopters exe-
cuting certain aggressive maneuvers, the technique requires
information about the orientation of the target or the plane
where the feature points are located.

For the unified-spherical model approach, the image
features are projected onto a virtual sphere (with unit
radius) centered at the optical center of the camera (Hamel
and Mahony, 2002; Mebarki et al., 2015; Serra et al.,
2016). Different unified-spherical-model-based image fea-
tures have been compared and evaluated (Fomena et al.,
2011; Tahri et al., 2013, 2010). The majority of the pub-
lished works using this technique for controlling quad-
copters mainly focused on stability analysis (Hamel and
Mahony, 2002; Mebarki et al., 2015; Serra et al., 2016).
Studies have also focused on singularity issues, local min-
ima, linearization properties, and robustness (Fomena et al.,
2011; Tahri et al., 2013, 2010). In general, validation
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in prior works has only been shown for slow maneu-
vers of underactuated aerial vehicles or fully actuated
manipulators.

2.3. Dynamic flight control

The challenges of controlling aerial robots such as quad-
copters include nonlinear behavior, singularities, and under-
actuated behavior (e.g., attitude motion is coupled with
translational motion) (Tang and Kumar, 2018). Assuming
that commanded thrusts and moments are instantaneous, a
flight controller is commonly designed to reduce the posi-
tion error, defined either in Cartesian space or the image
plane.

Linear control schemes such as proportional–integral–
derivative (PID) (Bouabdallah et al., 2005), linear–
quadratic regulator (LQR) (Foehn and Scaramuzza, 2018;
Hoffmann et al., 2007), and H∞ (Raffo et al., 2010) have
been developed to stabilize the vehicle during hover, and
these techniques assume a linearized robot model. Nonlin-
ear flight control has been developed using feedback lin-
earization (Lee et al., 2009; Mokhtari et al., 2006), NMPC
(Neunert et al., 2016), backstepping (Bouabdallah and Sieg-
wart, 2005; Guo et al., 2018; Hamel and Mahony, 2002;
Klausen et al., 2017; Mebarki et al., 2015; Serra et al.,
2016), and geometric control to deal with the nonlinear
dynamics (Bry et al., 2015; Liu et al., 2018; Loianno
et al., 2017; Mellinger and Kumar, 2011; Mellinger et al.,
2012; Thomas et al., 2016b; Watterson and Kumar, 2018).
In backstepping control, the translational and rotational
dynamics are stabilized automatically instead of canceling
the nonlinear terms as in feedback linearization (Härkegård
and Glad, 2001), but the convergence of the position errors
depends heavily on, and are limited by, the speed of conver-
gence of the attitude error (Thomas et al., 2016b). As these
controllers are based on Euler angles, singularities exist and
this fundamentally restricts the ability to track aggressive
trajectories (Lee et al., 2010). Furthermore, in geometric
control attitude errors are defined on a SO(3) manifold and
the attitude of the robot is stabilized to avoid singularities.
Quaternion-based attitude controllers with singularity-free,
global asymptotically stable properties are described by
Falanga et al. (2017), Foehn and Scaramuzza (2018), and
Faessler et al. (2015).

The new image-based control scheme for aggressive
flight of quadcopters is introduced that stabilizes the invari-
ant features through the position control loop, followed by
using a quaternion-based attitude controller to align the
direction of thrust on the robot. Then, the heading angle
is independently controlled to keep the feature points in the
middle of the field of view.

2.4. Advancements above the state of the art

The majority of existing aggressive-flight motion plan-
ning and control methods utilize the translational variables

as the system outputs (Bry et al., 2015; Falanga et al.,
2017; Liu et al., 2018; Loianno et al., 2017; Mellinger
et al., 2012; Neunert et al., 2016; Shen et al., 2013). On
the other hand, vision-based methods treat cameras as a
3D displacement sensor (Falanga et al., 2017); however,
this process is sensitive to image noise and camera cal-
ibration errors (Chaumette, 1998). Alternatively, the pro-
posed method tackles the problem by using an image-based
approach. Compared with existing vision-based approaches
for aggressive flight, the proposed method relaxes the
need for knowledge of the pose and model of the refer-
ence targets (e.g., openings, gaps, and windows) (Falanga
et al., 2017; Loianno et al., 2017), and the method is not
constrained to the vertical plane (Thomas et al., 2014).

Although invariant visual features have been evaluated
and tested (Fomena et al., 2011; Tahri et al., 2013, 2010),
performance was only validated on fully-actuated manipu-
lators with a kinematic controller for point-to-point opera-
tion. Trajectory planning for invariant features and dynamic
tracking have not been considered to the best of the authors’
knowledge. Furthermore, related works on IBVS have only
been demonstrated for low-speed maneuvers of underactu-
ated aerial vehicles (Hamel and Mahony, 2002; Mebarki
et al., 2015; Sanket et al., 2018; Serra et al., 2016; Thomas
et al., 2016a). Compared with prior work, the proposed
IBVS method that exploits the invariant visual features is
validated for aggressive and high-speed maneuvers, and fly-
ing through two gaps using onboard computation in real
time.

The trajectory planning problem for quadcopters in the
image space has received limited attention (Thomas et al.,
2016a, 2014). The researchers also assumed known target
models. Other related works (Allotta and Fioravanti, 2005;
Kyrki et al., 2004; Mezouar and Chaumette, 2003) focus on
geometric consistency of feature points but their approaches
are limited to a camera undergoing holonomic motion.
Herein, it is proved that the generalized invariant features
and the heading angle stay in the flat output space of
the underactuated camera–robot system. Hence, the trajec-
tory planning algorithm efficiently generates dynamically-
feasible trajectories while simultaneously satisfying geo-
metric consistencies.

Finally, the proposed control approach guarantees precise
tracking of the invariant feature trajectories and achieves
agile maneuvers in three dimensions by actively observ-
ing the target. In contrast, state-of-the-art nonlinear con-
trol techniques for aggressive flight have been designed
in the Cartesian coordinate (Bry et al., 2015; Liu et al.,
2018; Loianno et al., 2017; Mellinger and Kumar, 2011;
Mellinger et al., 2012; Thomas et al., 2016b; Watter-
son and Kumar, 2018). Furthermore, existing image-based
flight controllers are either limited to low-speed maneu-
vers (Hamel and Mahony, 2002; Mebarki et al., 2015;
Serra et al., 2016) or are constrained by planar motion
(Thomas et al., 2014). Herein, high-speed and 3D motions
are considered.
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(a) (b)

Fig. 2. Illustration of (a) the invariant visual features defined in
the unified-spherical model and (b) the traversing stage, including
the desired camera frame, depth, and velocity.

3. Problem setup

3.1. Overview

Consider a quadcopter aerial robot equipped with a cali-
brated, forward-facing camera. As shown in Figure 2(a),
the frame Fb is fixed on the robot and Fs is fixed on the
camera. It is assumed that there is no direct measurement
of position and velocity of the robot for feedback control.
In addition, estimation of the translational variables is not
considered because of poor accuracy, and the model of the
gap is not known. It is assumed that the camera can detect
at least four non-concyclic, non-collinear, but coplanar, fea-
ture points defined by Pi, for i = 1, . . . , 4, in plane � (see
Figure 2(a)). Finally, it is assumed that an IMU provides the
orientation and angular velocity of the quadcopter.

Image-based aggressive flying through a gap consists of
two stages: (1) the image-based visual-servoing stage and
(2) the gap-traversing stage, inspired by the work of Falanga
et al. (2017) and illustrated in Figure 2(b). First, a desired
image of the gap, as shown in Figure 2(b), is given. It is
noted that such images can be provided through prior infor-
mation about the nature of the gap or target of interest. Next,
let the orientation of the desired camera frame be the same
as that through the gap. The desired velocity of the quad-
copter expressed in the desired camera frame, i.e., −ḃf , is
given for the purpose of trajectory planning. The desired
depth dd is also assumed to be given for the purpose of
depth reconstruction in the position controller. The desired
depth can easily be measured by a sensor or measurement
system. Finally, these desired states will serve as the initial
states for the traversal process.

In the first stage of the process, the objective is to design
an image-based control scheme to drive the quadcopter to
reach the desired states by exploiting image-based feed-
back. For effective motion control, a dynamically-feasible
trajectory for the invariant features connecting the initial
image and the desired image needs to be planned.

In the second stage of the process, the gap-traversing
stage, there is no feedback control because the feature
points are out of view of the camera as the robot passes

through the gap. In this case, plane ϒ , which is perpen-
dicular to plane � with the same orientation as the gap,
is considered. Assuming that the quadcopter achieves the
desired states, then the robot can safely pass through the
gap if it moves in plane ϒ . To accomplish this, the thrust
ftrv is designed to compensate for the component of gravity
g perpendicular to plane ϒ . Then, the attitude of the vehicle
is kept the same as the attitude of the desired image. Thus,
the quadcopter traverses in a free-falling parabolic trajec-
tory. Once through the gap, the quadcopter stabilizes itself
at a hover state.

3.2. Unified-spherical model

The unified-spherical model is a geometric formulation
which models central imaging systems using a virtual-
unitary sphere combined with a perspective projection
(Tahri et al., 2010). Hence, the image measurements from
any sensor that obeys the unified-spherical model can all
be projected onto the generalized unitary sphere. These
sensors include perspective lenses, fish-eye lenses, and
catadioptric cameras.

Consider a static feature point Pi. Then yi = [yi1, yi2, 1]T,
with units of pixels, is the homogeneous coordinates of the
extracted feature points in the image plane. An imaginary-
image plane called a retina that is associated with an
imaginary-perspective camera is considered. The corre-
sponding coordinates mi of the retina can be calculated
by

mi = [mi1, mi2, 1]T = M−1yi (1)

where

M =
⎡
⎣ κ1η κ1ηε y10

0 κ2η y20

0 0 1

⎤
⎦ (2)

In Equation (2), M is the generalized-camera projection
matrix (Mei and Rives, 2007), where ( y10, y20) is the prin-
cipal point, κ1 and κ2 are focal lengths, ε is the skewed axis,
and η denotes the mirror parameter.

The projection onto the unitary sphere from mi, Equation
(1), is determined by (Mei and Rives, 2007)

pi = γ

[
mi1, mi2, 1 − ξ

γ

]T

, with γ = ξ + μ( mi)

‖mi‖2
(3)

where

μ( mi) =
√

1+( 1 − ξ 2) ( ‖mi‖2 − 1) (4)

In Equations (3) and (4), ξ characterizes the type of mir-
rors or lenses used. Parameters M and ξ can be determined
using the methods described by Mei and Rives (2007). In
particular, when ξ = 0, the unified model corresponds to a
perspective camera and M represents the camera’s intrinsic
matrix.
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3.3. Kinematics of invariant visual features

The invariant features s ∈ Rek , where Re denotes the set
of real numbers, imply that kinematics are invariant to the
camera’s rotation (Hamel and Mahony, 2002). This prop-
erty enables the decoupling of the attitude control from
the position control and refore addresses the underactuation
problem. The linear form of the kinematics is

ṡ = [
Lv 0

] [
vs

�s

]
(5)

where vs ∈ Re3 and �s ∈ Re3 denote the camera’s linear
and angular velocity, respectively, expressed in the frame
Fs; and Lv ∈ Rek×3 represents the interaction matrix corre-
sponding to vs. It is shown in the following that any invari-
ant feature that satisfies Equation (5) can be used to control
the translational motion of the underactuated system with
thrust and moment inputs. Many invariant features satisfy
this kinematic relationship including parts of the centroid,
moments, distances, and areas defined in either the virtual
image plane or on the unitary sphere. Note, also, that the
image features defined in the virtual-image plane are invari-
ant to rotation (Fink et al., 2015; Thomas et al., 2016a,
2014). Again, the virtual-camera approach requires prior
knowledge of target plane.

With the unified model, the invariant features are invari-
ant to rotational motion of the sphere. Different invariant
features have been proposed by Tahri et al. (2013), Tahri
et al. (2010), and Fomena et al. (2011), where the inverse
of the distances between points projected onto the unitary
sphere have the best linearizing properties between the task
space and image space (Tahri et al., 2013) and relatively
small singularity domain (Fomena et al., 2011).

As is shown in Figure 2(a), four ( n = 4) non-collinear
but coplanar static points, Pi, for i = 1, . . . , n, are pro-
jected onto the unitary sphere with points pi. The distances
between the points on the unitary sphere are denoted by dij,
for i, j = 1, . . . , n, i �= j, and they are given by

dij = ‖pi − pj‖ =
√

2 − 2pT
i pj (6)

Then, the invariant features are defined by

s = [s1, . . . , sl, . . . , sk]T, sl = 1

dij
(7)

Next, the kinematics of the feature points and their sin-
gularity are explained. The time derivative of pi is (Fomena
et al., 2011; Hamel and Mahony, 2002)

ṗi = − 1

‖Pi‖�ivs + sk( �s) pi (8)

where �i = I3 − pip
T
i . Here I3 denotes the identity matrix

and sk( �s) denotes a skew-symmetric matrix of camera-
frame angular velocity �s. Based on Equation (8), the
kinematics of sl are given by

ṡl = −s3
l

(
1

‖Pj‖pT
i �j + 1

‖Pi‖pT
j �i

)
vs = Lvlvs (9)

where ‖Pi‖ and ‖Pj‖ are the unknown distances from the
feature points to the center of the camera frame and they can
be recovered by the depth information. Note that Equation
(9) satisfies the kinematics of invariant features given by
Equation (5).

According to the analysis of singularity provided by
Fomena et al. (2011), the singularity of three feature points
(n = 3) exists if three points are collinear or the origin
of Fs lies on the cylinder that passes through the circum-
scribed cylinder of three points. This cylinder is perpendic-
ular to the target plane. To reduce the singularity domain,
more than three feature points should be used. Herein, four
(n = 4) non-concyclic, non-collinear, but coplanar feature
points are extracted. Note that although more feature points
can help improve robustness of the algorithm, too many
features may introduce local minima when the number of
features is larger than the number of DOFs (Tahri et al.,
2010). In this article, k = 6 invariant features are adopted.
The resulting singularity and local minima will be analyzed
in simulations, and results will show that these issues do not
affect motion control performance when the initial positions
are in front of the gap.

3.4. System dynamics

Let the position and linear velocity of the quadcopter’s cen-
ter of mass in the world frame Fw be V and r, respectively.
As illustrated in Figure 2, the body frame Fb has axes xb

and yb that point out the nose and belly of the robot, respec-
tively. Axis zs aligns with axis xb, and axis zb aligns with
axis ys.

Let q be a unit quaternion. The multiplication of two
quaternions qα and qβ is denoted by qα ⊗ qβ . This mul-
tiplication represents a rotation qα and then a rotation qβ

with respect to the current frame. Define the rotation of a
vector αv ∈ Re3 to βv by a quaternion qβ

α by βv = qβ
α �α v.

Let a unit quaternion qw
b be a single rotation from the frame

Fb to the frame Fw.
The translational dynamics of a quadcopter are given by

ṙ = V

mV̇ = mge3 − f (10)

where m is the mass, g is gravitational acceleration, and f =
qw

b � f e3 is the thrust vector acting on the robot with e3 =
[0, 0, 1]T. In addition, for a general invariant feature s with
kinematics governed by Equation (5), there is a quaternion
qs

w resulting in vs = qs
w � V . Hence, Equation (5) can be

rewritten as

ṡ = Lvqs
w � V = JV (11)

where J ∈ Rek×3 is the Jacobian matrix. The Moore–
Penrose pseudoinverse of J, i.e., J+ =( JTJ)−1 JT, exists
if and only if J has full column rank three. Then, from
Equation (11), the second-order dynamics can be obtained
as

V̇ = J+s̈ + J̇+ṡ (12)
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Substituting Equation (12) into Equation (10) results in

mJ+s̈ = −mJ̇+ṡ + mge3 − f (13)

which is the translational dynamics of the vision-based
quadcopter system.

Finally, the angular dynamics are given by

q̇w
b = 1

2
qw

b ⊗ q(�b)

I�̇b = −sk(�b) I�b + τ (14)

where I is the moment of inertia matrix and �b is the angu-
lar velocity of the robot, both expressed in frame Fb, and τ

is the body moment.

4. Image-based visual servoing

The IBVS control scheme, shown in Figure 3(a), is designed
to track the reference image trajectory, sr, which will be
planned as described in the following. Because the errors
driving the controller are defined in the image coordinate
and independent of states expressed in the 3D Cartesian
coordinates, the scheme is IBVS. To address the underac-
tuated dynamics of the robot, the translational and angu-
lar dynamics are controlled separately. Using the invariant
features s, the attitude of the robot is decoupled from the
position control process. This step generates a command
thrust vector, f d , by reducing the image error es = s − sr.
The objective of the attitude controller is to first align the
direction of the current thrust, −zb, with the direction of
the command thrust and then to rotate the robot along the
axis zb to visually keep the target in the middle of the field
of view.

4.1. Feedback and feedforward position control

The position controller consists of a PID feedback term and
a feedforward component. The desired output is defined as
the thrust vector f d , expressed in frame Fw, e.g.,

f d = −mJ+
(

Kpes + Kvės + KI

∫
es dt

)

−m( J̇+ṡ + J+s̈r − ge3) (15)

where Kp, Kv, and KI ∈ Rek×k are positive-definite diago-
nal gain matrices. The distance ‖Pi‖ in the Jacobian matrix
J is calculated by the decomposition of the homography
matrix as described by Malis et al. (1999) with known
desired depth dd . The homography for the unified-spherical
model is explained in the following.

Remark 1. The controller is well defined if J+ exists. This
can be guaranteed by carefully selecting the feature points
to avoid singularity. In practice, transient behaviors do not
result in instability of the system, as demonstrated later in
simulation and experiments.

The controller (15) makes the translational dynamics,
given by Equation (13), globally asymptotically stable if the
matrix J+J > 0, i.e., positive definite (Chaumette, 1998;
Espiau et al., 1992), and if the attitude of the robot can be
changed instantaneously. The command thrust is obtained
by projecting f d onto the current z-axis of Fb through

fcmd = −f d · zb (16)

where zb = qw
b � e3 denotes the axis zb of Fb in frame Fw.

The desired attitude is calculated from f d and sent to the
lower-level attitude controller.

4.2. Attitude control

The attitude controller contains three components: (1) roll,
(2) pitch-rate, and (3) yaw-rate control. The first con-
troller helps align the current thrust direction, −zb, with the
desired −zbd direction (Faessler et al., 2015). The second
controller separately handles the rotation along axis zb to
keep the centroid of the feature points in the middle verti-
cal line of the field of view. The generated desired angular
velocity, �bd = [�bd,x, �bd,y, �bd,z]T, is then sent to the
lower-level angular velocity controller.

For the control of roll and pitch, zbd is set equal to the
opposite direction of f d , i.e., zbd = −f d/‖ f d‖. An error
quaternion defined as qe1 = [qe1,w, qe1,x, qe1,y, qe1,z]T is used
to denote the necessary rotation to align the thrust. This
expression is obtained by qe1 = [cos( α/2), bn sin( α/2)]T,
where α denotes the angle between zb and zbd about
the axis bn in frame Fb. Hence, bn = qb

w � wn =
qb

w�( zb × zbd/‖zb × zbd‖). For the case when zb = zbd , bn
does not exist and, thus, qe1 = [1, 0, 0, 0]T. Then, the atti-
tude controller for roll and pitch rates are given by (Faessler
et al., 2015)

[
�bd,x

�bd,y

]
= 2kxysgn( qe1,w)

[
qe1,x

qe1,y

]
(17)

where sgn( ·) denotes the sign function and kxy is a positive
gain. The attitude dynamics with controller (17) is globally
asymptotically stable (Mayhew et al., 2011).

Similar to the work by Faessler et al. (2015), the behavior
of the heading angle δ about zb is not determined through
preplanning of the trajectory of the yaw angle. Instead, in
order to keep the centroid of the feature points in the ys–zs

plane, the image-based attitude controller for the heading
angle is used. The centroid of feature points is obtained by
pcen = (

∑n
i=1 pi) /n. The heading angle δ, describing the

angle between the ray from the origin of Fs to pcen and the
ys–zs plane, is given by δ = arctan( pcen,x/pcen,z). Then, the
error quaternion for the heading angle, defined as qe2 =
[cos( ( δ − δd) /2) , eT

3 sin( ( δ − δd) /2) ]T, is used with the
desired heading angle δd = 0. Then, the controller for the
yaw rate becomes

�bd,z = 2kzsgn( qe2,w) qe2,z (18)
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(a) (b)

Trajectory

trajectory

Fig. 3. Trajectory planning and control process flow: (a) structure of the trajectory planning and control algorithms and (b) diagram of
the homography-based trajectory planning pipeline.

where kz is a positive gain.
Finally, the desired angular velocity �bd can be achieved

by the lower-level feedback linearizing angular velocity
controller, given by

τ cmd = −KτI( �b − �bd) +sk( �b) I�b, (19)

where Kτ is a positive-definite diagonal gain matrix. The
command moment τ cmd along with the command thrust
fcmd are assumed to be instantaneously achievable by the
quadcopter robot.

5. Trajectory planning

This section describes a new image-based trajectory plan-
ning strategy that generates an optimal trajectory with min-
imum inputs. The trajectory is expressed in terms of the
invariant features s and the heading angle δ. These vari-
ables are the flat outputs of the differentially-flat vision-
based quadcopter system. The benefit is that a small number
of variables in the flat output space can be used to repre-
sent the trajectory of the robot (Bry et al., 2015). Further-
more, to make sure that following the geometric consis-
tency of feature points is achieved and that the trajectory
of s is valid for a physical trajectory of the quadcopter,
the optimal Euclidean-homography trajectory is planned in
advance and then trajectories of s are calculated. In terms
of optimization, the snap of the relative translation between
the current camera frame and the desired one is minimized
to minimize the body moment. The trajectory planning
process is outlined in the Figure 3(b).

5.1. Differential flatness

The underactuated vision-based quadcopter system is dif-
ferentially flat because the system inputs and states can be
expressed as a function of flat outputs and their deriva-
tives. The flat outputs here consist of the invariant features s
and the heading angle δ. Consider Equation (13), the thrust
related to s and its derivatives are

f = m‖af ‖, af = ge3−( J+s̈ + J̇+ṡ) (20)

The attitude qw
b depends on the flat outputs, and their

derivatives are shown next. The z-axis of the body frame is
zb = af /‖af ‖. Define an intermediate frame Fc : {xc, yc, zc},

which is rotated from Fw (in the order of z–y–x in Euler
angles) with zc = zb and 0 yaw angle. Thus, Fc can be
formed by the axis zb and xc =( e2 × zb) /‖e2 × zb‖, where
e2 = [0, 1, 0]T. The desired attitude qd1 can be built from
the axes of Fc. Furthermore, the difference between Fb

and Fc is another rotation qδ , denoting the rotation about
zb through the heading angle δ. Then, the robot’s attitude
becomes

qw
b = qd1 ⊗ qδ (21)

which depends on flat outputs s and δ and their derivatives.
The angular velocity �b is shown to depend on the

flat outputs and their derivatives. The time derivative of
Equation (13) is

mȧf = ḟ zb + fsk( �w
b ) zb (22)

where �w
b denotes the angular velocity of the robot

expressed in frame Fw. Multiplying the above equation with
zb results in ḟ = mȧf · zb. Substituting ḟ in Equation (22),
the term sk( �w

b ) zb can be obtained. Hence, the first two
terms of angular velocity �b are calculated by projecting
sk( �w

b ) zb onto xb and yb, respectively. The third term is
equal to δ̇. In addition, the angular acceleration of the robot
�̇b that depend on the flat outputs and their derivatives can
be obtained by taking the time derivative of Equation (22)
and following similar derivation. Finally, the moment τ is
obtained through Equation (14), and is a function of the
fourth derivative of s. In summary, any smooth trajectory
with bounded derivatives of s and δ can be tracked by the
system.

5.2. Optimal homography trajectory

As shown by the trajectory-planning pipeline in Figure 3(b),
each individual flat output s cannot be planned indepen-
dently as described by Thomas et al. (2016a), because the
invariant features s adopted here are constrained by the
geometry of the feature points. In order to plan trajecto-
ries of s corresponding to a dynamically-feasible trajectory
of the robot, the trajectory of the Euclidean homography
Hr( t), t ∈ [0, tf ], inspired by Mezouar and Chaumette
(2003), is optimized by minimizing the snap of the rela-
tive translation between the current camera frame and the
desired one. Such an optimal trajectory guarantees that
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inputs to the robot are minimum inputs. This result can be
easily derived from the fact that the position of the quad-
copter is a flat output (Mellinger and Kumar, 2011). Fur-
thermore, the flat output heading angle δ will not be planned
ahead. Instead, it is set to be δd=0, which means the centroid
of the feature points is expected to stay in the ys–zs plane,
i.e., in the middle of the field of view, at all times.

Assume that the feature points stay in plane �.
The ith feature point projected onto the retina has
the coordinate mi( t) for the current camera frame
and mi( tf ) for the desired frame. Then, let m̄i( t) =
[mi1( t) , mi2( t) , ρ( mi( t) )]T (Courbon et al., 2007) with

ρ( mi) = 1 − ξ 2( ‖mi||2 − 1)

1 + ξμ( mi)
(23)

The current camera frame and the desired one can be con-
nected through the Euclidean homography H( t) up to a
scale factor by

[m̄1( t), . . . , m̄n( t)] ∝ H( t)[m̄1( tf ) , . . . , m̄n( tf ) ] (24)

The Euclidean homography can be decomposed into a rota-
tion matrix and a translation component (Faugeras and
Lustman, 1988), hence

H( t) = R( t) + b( t)

df
ιf (25)

where R( t) and b( t) denote the rotation matrix and trans-
lation vector of the desired camera frame with respect to
the current frame, respectively, ιf is the unitary normal to
plane � in the desired camera frame, and df represents the
known distance from the origin of desired camera frame to
plane �.

The trajectory generation process follows from

min
∫ tf

0
b(4)T ( t) b(4)( t) dt (26)

s.t. H( 0) = H0, H( tf ) = I

b(κ)( 0) = b(κ)
0 , b(κ)( tf ) = b(κ)

f ( κ = 1, 2)

|b(κ)( t) | ≤ b̄
(κ)

( κ = 1, . . . , 4)

where H0 denotes the homography at the initial time, I is
the identity matrix, and b(κ)

0 and b(κ)
f represent initial and

final velocity and acceleration in the current camera frame,
respectively, and tf is proportional to the distance to the
gap. A longer tf results in longer but unnecessary trajec-
tory; however, a shorter one leads to aggressive trajectory
with large acceleration. The desired velocity and depth are
set to −b(1)

f and dd , respectively. Next, the orientation of
the gap is calculated from the desired image. The constant
thrust, ftrv, and the desired acceleration, b(2)

f , are calculated
as described by Falanga et al. (2017). Furthermore, the input

is constrained by the upper bound b̄
(κ)

. It is pointed out that
the constraints on the field of view are not considered in

the optimization process. However, the centroid of the fea-
ture points is locked in the middle of the field of view by
controlling the heading angle as described.

The optimization can be formulated as a quadratic pro-
gram problem (Mellinger and Kumar, 2011). A differen-
tiable polynomial basis function is chosen to represent
the trajectories owing to its analytical and computational
tractability (Bry et al., 2015). Thus, let the optimal solution
of Equation (26) be br( t), and then the optimal-homography
trajectory is obtained by

Hr( t) = R0e[θ0]t/tf + br( t)

df
ιf (27)

where R0 denotes the initial value of the rotation matrix
with [θ0] ∈ SO(3) and [θ0] = log( RT

0 ). Then, the trajec-
tories m̄i( t) can be obtained from Hr( t) and m̄i( tf ) using
the inverse of Equation (24) as described by Mezouar and
Chaumette (2003). Thus, the optimal trajectories of sr( t)
are obtained using Equation (3), (6), and (7). Finally, ṡr( t)
and s̈r( t) are calculated by the time derivative of sr( t).

Note that the flat outputs s is invariant to rotation. Only
translational motion affect it, and thus the camera attitude
R( t) does not need to be optimized in the trajectory genera-
tion process. Instead, a simple smooth trajectory for rotation
can be generated using a first-order polynomial in order to
obtain a continuous homography trajectory Hr( t). Again,
the planned sr( t) satisfies geometric constraints between
feature points for all time.

6. Simulation and experimental results and
discussion

The objective is to have an aerial robot start at a hover
state, then attempt to fly through one and two openings, at
different orientations. Computer simulations and physical
experiments were conducted to demonstrate these capabili-
ties and the details are described in the following, where the
motion planning and control process are performed onboard
the vehicle and in real time.

6.1. Experimental platform

The experimental aerial robot is a quadcopter built on a
DJI F450 frame as shown in Figure 4. The four motors
(TMotor MT2208) are controlled by 10 A electronic speed
controllers (ESCs, TMotor Air) connected to a Pixhawk
PX4FMU flight controller. The flight controller receives
commands through UART from an ARM-based single-
board computer (SBC, Odroid-XU4), running the Robot
Operating System (ROS). Power is provided through a 40C,
11.1 V 1050 mAh Li-Po battery. An IMU provides informa-
tion about the robot’s attitude. The position and quaternion-
based attitude control loops are coded on the SBC, and the
angular-rate loop is coded in the Pixhawk flight controller.
The SBC uses a 640 × 480 pixel monochrome camera with
a 180◦ lens. The unified-spherical model parameters are



Guo and Leang 1133

(a) (b)

Fig. 4. Experimental system: (a) experimental quadcopter with
single-board computer (SBC) for onboard computation and a
monochrome camera with a 180◦ lens and (b) system architecture.

(a) (b)

Fig. 5. Image from the onboard camera with four detected feature
points marked by green dots from (a) four bright dots and (b) the
edges of the window border in the house experiment.

κ1 = 954.5, κ2 = 955.1, κ12 = 0, y10 = 319.6, and
y20 = 225.7, and the distortion parameter is ξ = 3.1. The
entire system has a mass of 965 g, with a footprint of 57 cm
× 57 cm × 12 cm, including the propellers.

The dimensions of the gap are 0.80 m × 0.35 m, and the
outer perimeter of the gap is black in color. Four bright dots
are attached to the outer perimeter for gap detection. The
centers of the dots are detected using threshold-based seg-
mentation and the ellipse Hough transform. Later on in the
house experiment, the dots are removed and the black edge
of the window frame is recognized using line Hough trans-
form with segmentation. Then, four feature points fixed on
the corners of the window and at the midpoints of the win-
dow border are locked-on by the vision system. Each dot
is searched in an elliptical region of interest (ROI) cen-
tered at the successfully detected dot from the last frame,
which helps to reduce processing time and improves accu-
racy. The image-processing module also tolerates dots tem-
porarily leaving the field of view. A low-pass filter is used
to suppress image noise. The sample results of the image
processing step are shown in Figure 5.

All of the algorithms were coded in C++ and ran under
ROS, on the vehicle’s SBC. The frequency of the image pro-
cessing loop is 40 Hz. The open-source library NLopt was
used to efficiently solve the optimization problem for tra-
jectory planning, where the order of polynomial is 10 with
the sampling time of 10 ms.

Table 1. Errors for simulations and experiments

6.2. Results and discussion

Simulations were conducted using MATLAB software to
validate the proposed planning and control algorithms, and
to evaluate the possible singularity and local minima issues.
The equations of motion presented in Equation (10) and
(14) were used in the simulations. Videos summarizing
results can be seen in Extension 1.

Three different window orientations were tested: 0◦, 30◦

roll, and −35◦ roll with −20◦ pitch. Four (n = 4) feature
points were observed without prior knowledge of their rel-
ative distances, and k = 6 invariant features were used in
the controller. The quadcopter started from a hover state at
different initial positions. More specifically, a total of 125
initial starting points were spread evenly in a cube of dimen-
sions 2 m × 2 m × 2 m in front of the gap. These points are
the initial starting locations for the robot, where the robot
starts at a hover state at these different locations.

For the 0◦-roll case, the desired distance df = 0.5 m

with b(1)
f = [0, 0, −2]T m/s and b(2)

f = 0 m/s2. For 30◦-

roll case, df = 0.3 m with b(1)
f = [0.8, 0, −2]T m/s and

b(2)
f = [−4.9, 0, 0]T m/s2. For −35◦-roll and −20◦-pitch

case, df = 0.5 m with b(1)
f = [−1.7, 0, −1]T m/s and

b(2)
f = [5.3, 0, −3.4]T m/s2. The initial states b(1)

0 and b(2)
0

are set to zero. The duration tf ranges between 1 to 2 s, and
is based on the distance between the initial starting position
for the robot and the gap.

The trajectories achieved by the quadcopter are shown in
Figure 6, by the green dots with blue lines. Tabulated errors
from the simulations are listed in the Table 1. Starting loca-
tions that did not result in trajectories that traversed the gap
are indicated by red dots. It is noted that large desired veloc-
ity b(1)

f results in a relatively flat traversal trajectory, but
leads to a more aggressive planned trajectory that cannot
be tracked. Small desired velocity results in a more “curvy”
traversal trajectory and longer flight times, which also leads
to a more likely chance of collision.

Additional simulations, followed by physical experi-
ments, were conducted and the results are shown in Figures
1 and 7. Over 80 successful experimental trials were
conducted. The experimental setup and parameters are the
same as the simulations. The open-source library NLopt
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(c)(a) (b)

Fig. 6. Simulation results showing achievable trajectories (green dots with blue lines) and points that indicate failed attempts (red dots)
for gap orientation: (a) 0◦ roll, (b) 30◦ roll, and (c) −35◦ roll with −20◦ pitch.

was used to efficiently solve the optimization problem
in less than 80 ms, which allowed for real-time onboard
computation to enable the robot to fly through two gaps.
For the first three experiments, the quadcopter started
from five different initial locations with five successful
trials for each case to fly through a single gap. Part
of the results are shown in Figure 7(a2)–(c2) with the
corresponding simulations shown in Figure 7(a1)–(c1).
The corresponding recorded position and linear velocity
of the robot are shown in Figure 7(a3)–(c3) and the
related image errors es are shown in Figure 7(a4)–(c4).
The quantified average image-position errors ēs across
all successful trials for each gap orientation are listed in
Table 1. The results report the average maximum error

ēmax and the average root-mean-squared error ērms, defined

as
√∑L

i=1 ( ēs( i) −¯̄es)
2
/L/( max( ēs) − min( ēs) ) ×100%,

where L is number of data points and ¯̄es is the mean of the
data. The quadcopter reached a maximum speed of 2.8 m/s
and 7.8 rad/s in the case with the −35◦ roll and −20◦ pitch
for the gap.

The results for flying through two gaps is shown in Fig-
ure 7(d1) and (d2), where the first gap has −40◦ roll and
the second has a 40◦ roll. The reference invariant feature
trajectory to traverse the second gap is planned in real time,
immediately after the robot successfully passes through the
first window and detects the second window through the
vision system. The initial states b(1)

0 and b(2)
0 for the second

traverse were calculated from the desired states b(1)
f and b(2)

f
from the first traversal process (i.e., after passing through
the first window). These results demonstrate the ability for
real-time online planning and control to fly through two
openings, one after another. The experimental results are
compared to the simulation results in Table 1.

Finally, the developed approach was implemented in a
meaningful application as shown in Figures 1 and 7(e1) and
(e2). Specifically, the robot was commanded to enter a small
house that simulates an emergency situation to search for
survivors using the onboard camera, then exit the house as

quickly as possible. In this case, the challenge is the clut-
tered nature of the windows with obstructions that forced
the robot to fly through it in a particular orientation. As
shown in Figure 7(e2), the robot is required to traverse
through the first window at 45◦ and then through the second
window at −45◦ to avoid colliding with the obstacles placed
around the window frame.

Simulation results show that the majority of the initial
points that are in front of the gap lead to successful traver-
sal. Therefore, the singularity and local minima issues do
not hamper the proposed image-based approach. For the
failed cases, the robot either crashed on the edge of the
window or flew far away from the opening because feature
points left the field of view. Note that the initial points of
the failed cases are typically spread around the boundary of
the cube, where the angle to the gap plane is large. Such
places cannot provide clear and accurate measurements of
the feature points.

The experimental results agrees well with the simula-
tion results. The position errors at the end of image-based
control for successful trials are less than 0.1 m. However,
the successful domain of the initial points is smaller, and
the image errors in the experiments are larger. The rea-
son is mainly due to the unmodeled aerodynamic effects or
non-ideal control performance in the physical experiments.
Some extreme conditions were tested in the experiments,
for example where the quadcopter starts from some initial
position that barely missed the feature points, but results
were still successful. The control performance shows low
sensitivity with respect to depth. Hence, the exploited depth
reconstruction technique satisfies the requirement of the
task. The control of the heading angle δ shows sluggish per-
formance due to the limited torque of the vehicle about the
zb-axis.

Experiments with larger roll angles for the opening such
as more than 45◦ were not investigated because it required
higher speed and larger variation of the attitude of the quad-
copter. Thus, these behaviors were not physically achievable
by the vehicle. In fact, the feature points would leave the
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Fig. 7. Simulation and experimental results for (a1)–(a4) 0◦ roll, (b1)–(b4) 30◦ roll, and (c1)–(c4) −35◦ roll −20◦ pitch. The ground
truth position and the linear velocity of the quadcopter for one of initial conditions are shown in (a3)–(c3), and the corresponding
invariant feature errors es are plotted in (a4)–(c4). Results of the two-window case with roll of −40◦ and 40◦ in (d1) simulation and
(d2) experiment. Results of the house case with orientation of roll of 45◦ and −45◦ in (e1) simulation and (e2) experiment.

field of view and result in blurred images which would
negatively affect performance.

7. Conclusions

In this article we have presented a new image-based esti-
mation, aggressive-maneuvering trajectory-generation, and
motion control scheme that enabled a quadcopter aerial
robot to fly though two windows, one right after another,
where real-time computation was performed onboard the
robot. The approach does not require knowledge of the win-
dow’s model and pose, or the measured position and veloc-
ity of the robot. Simulation and experimental results have
been shown to validate the proposed approach, where the
robot successfully flew through two narrow openings. The
estimation and planning computation and motion control

have been performed in real time on board the robot. Future
work will address the issue of feature points leaving the
field of view through more advanced planning and control
schemes.
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