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This Paper presents a new quasi-steady in-ground effect (IGE) model for small multirotor aerial vehicles such

as quadcopter unmanned aerial vehicles. The model offers three major advances to the state of the art: 1) predicting

the IGE thrust ratio without singularity, 2) relating the strength of the ground effect to the blade geometry (pitch

angle, solidity, and radius), and 3) capturing the effect of multirotor configurations. Two IGE coefficients, based on

blade element theory, are introduced and then analyzed using the method of images. Additionally, the thrust-loss

phenomenon on multirotor IGE is observed and modeled empirically. Experiments are conducted to validate each

component of the model, and the results suggest that the model can be used to predict the onset of the IGE for vehicle

motion control and planning in the regime where IGE dominates.

Nomenclature

Cl = lift coefficient
Clα = two-dimensional lift-curve slope

CT = thrust coefficient
CTIGE

= thrust coefficient IGE
�CTIGE

= maximum thrust coefficient IGE

c = chord length, m
d = minimum tip-to-tip distance, m
KG = in-ground effect thrust ratio
�KG = maximum in-ground effect thrust ratio

Nb = number of blades
Nr = number of rotors
R = rotor radius, m
r = rotor element
T = rotor thrust force, N
T∞ = out-of-ground effect rotor thrust force, N
vi = induced velocity, m∕s
z = rotor height, m
α0 = zero-lift angle of attack, rad
θ = rotor-pitch angle, rad
λ = inflow ratio
σ = rotor solidity
ϕ = inflow angle, rad
Ω = rotor angular velocity, rad∕s

I. Introduction

I N ROTORCRAFT aerial vehicles, such as small quadrotor
unmanned aerial vehicles (UAVs), the structure of the rotor down-

wash wake is affected by the proximity of the ground surface.
Changes in this structure impact the lifting force and power generated
by the rotor, and this overall behavior is known as ground effect or in-
ground effect (IGE) [1–4]. The IGE is often observed when vehicles
operate close to the ground, for example, during takeoff and landing,
and during low-altitude hovering or flying [5,6]. Because of the IGE,

brownout or whiteout [7–10] from a deformed wake can lead to
uncontrollable vehicle behavior if not properly taken into account
[11,12]. With the emergence of small rotorcraft UAVs aimed at
applications such as search and rescue, urban environmental mon-
itoring, and package delivery, a more thorough understanding of the
IGE is needed to help designers engineer vehicles that can operate
effectively and safely in complex and cluttered environments. This
Paper presents a new quasi-steady IGE model for small multirotor
aerial vehicles, where the intent is for the model to be used to predict
the onset of the IGE for vehicle motion control and path planning in
the regime where IGE dominates.
Currently, what is understood about IGE is the rotor thrust, power,

and wake geometry can be computed as a function of rotor height z
above the ground and the advance ratio μ for a given rotor blade
[8,11–15]. Even though rotorcraft ground effect has been known and
studied for decades [16], the phenomenon is still not fully understood
[3,12,17]. Additionally, despite recent advancements in the under-
standing of IGE, calculations of IGE either by grid-based computa-
tional fluid dynamics [1,2, 8,18–25] or the free-vortex wake method
[1,2,13,26–28] remain computationally expensive, and thus such
results cannot be used directly for real-time vehicle control or motion
planning. Empirical IGE models, on the other hand, are more trac-
table for application and can predict the ground effect with respect to
varying flight conditions. However, state-of-the-art empirical IGE
models are generally limited [29], and these models are mainly ex-
pressed in terms of the rotor diameter and height [17]. Also, the
majority of IGE models are only available for single-rotor helicop-
ters, and empirical models for multirotor aerial vehicles are rarely
described in the literature. Furthermore, state-of-the-art models are
evaluated assuming constant rotor power, which can be easily con-
trolled on single rotor helicopters but not that easy on emerging small
multirotor aerial vehicles such as quadcopters [16,30]. For small
UAVs, fixed-pitch propellers, brushless motors, and electronic speed
controllers (ESCs) are commonly used. This configuration provides
speed control rather than power control of the rotor. Thus, new
detailed models are needed that relate the ground effect behavior to
a given rotor profile, state of flight, and different multirotor configu-
rations, particularly for small rotorcraft vehicles that are becoming
more common in emerging commercial applications.
The contribution of this Paper is a detailed quasi-steady empirical

multirotor IGE model that relates the IGE to the out-of-ground effect
(OGE) thrust, defined as the ratio KG. The model takes into account
the rotor pitch angle, solidity, height, and the configuration ofmultiple
rotors. Two IGE coefficients are introduced based on blade element
theory (BET) and analyzed according to the method of images. Addi-
tionally, the multirotor IGE thrust loss is observed and described,
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where amodel of this effect is also incorporated into the empirical IGE
model. A series of experiments is conducted to validate each compo-
nent of the model.

II. Related Work

Ground effect on rotorcraft has been studied since the 1950s [16].
Technical approaches exploit themethod of images [15,31,32], blade
element theory [18,23,24], momentum theory [31], empirical meth-
ods [11,33,34], computational tools [9,14], and flow visualization
techniques [10,35,36]. Empirical models, which are relatively simple
and suited for real-time applications, describe the relationship
between the rotor height and the rotor thrust or power. However,
there are three main drawbacks with existing empirical models.
First, many of these models are based on the assumption that

the operating height of the rotor is z ∈ �R∕2;∞�, where R is the
rotor radius. This assumption is valid for most single-rotor helicop-
ters, where the fuselage limits the minimum height to R∕2. This
assumption, however, is not always valid for emerging multirotor
aerial vehicles [24], especially those that have propellers installed on
the underside of the airframe [37]. Furthermore, singularities exist in
existing models, for example, z � 0 is a singularity in Hayden’s
model [30], given by

KG � T

T∞
� 0.9926� 0.03794 ×

�
2R

z

�
2

(1)

Likewise, a singularity existswhen z � R∕4 in theCheeseman and
Bennett model [16], given by

T

T∞
� TIGE

TOGE

� 1

1 − �R∕4z�2 �at constant power� (2)

Additionally, singularities exist in other models [15,38,39], and
this can lead to difficulties when used for motion planning and
vehicle control. It should be noted that the singularity herein denotes
infinite thrust ratio, indicating either infinite IGE thrust or zero OGE
thrust. This should not be confused with the singularity in the thrust
coefficient which occurs when the propeller stalls.
Second, many empirical models oversimplify the ground effect

and use a universal approximation that models the ground effect as a
function of only the rotor normalized height �z. The blade geometry,
for example, the solidity σ and the pitch angle θ, which is known
to affect the IGE thrust and power ratio [11,16,40], is generally
neglected in most empirical models. The reason is that these models
were developed to describe the ground effect on helicopter platforms,
which use variable-pitch propellers. However, fixed-pitch propellers
are often used in the design of emerging multirotor aerial vehicles.
Thus, attention is given to find a relationship between ground effect
and rotor blade geometry [40]. More specifically, it has been shown
that the IGE thrust ratio relies on the OGE thrust coefficient [16], and
this value increases as the pitch angle θ decreases [40,41]. Unfortu-
nately, an analytical relationship between the blade geometry and the
strength of the ground effect has not yet been reported.
Third, there are few empirical IGE models specifically tailored

to multirotor aerial vehicles found in the literature. The available
ones are derivatives of the basic IGE models presented in Eqs. (1)
and (2). These models inherit the first two drawbacks and are based
on constant power assumption, which is not typically controlled on
electric-powered aerial vehicles [15,38,42–46].
Herein, a new quasi-steady IGE model [47,48] is developed that

predicts finite maximum IGE thrust ratio based on BET. The model’s
coefficients are empirically determined through a series of experi-
ments. Next, the model’s coefficients are analyzed, and a physical
interpretation is presented. Experiments on off-the-shelf propellers
and three-dimensionally printed variable pitch propellers at constant
rotor angular velocity are conducted to validate their predicted per-
formance. Finally, the model is further extended to the multirotor
IGE. The two IGE coefficients are then empirically evaluated with
respect to different rotor configurations. A thrust-loss phenomenon
is observed in the multirotor IGE experiments, and the behavior

ismodeled by an adapted bivariateGaussianmodel. The new detailed
quasi-steady IGE model differs from existing empirical models in
two distinct ways: the model 1) incorporates blade geometry and
2) predicts a finite IGE for both single-rotor and multirotor configu-
rations at the hover state.

III. Single-Rotor Quasi-Steady In-Ground-Effect
Model

A. Quasi-Steady Exponential Model for Single-Rotor IGE

A quasi-steady IGE model is developed that relates the IGE thrust
ratio KG to the rotor height, blade pitch, and solidity, while main-
taining constant rotor angular velocity. From prior work [47], the
basic quasi-steady exponential IGE model is

KG � T�z�
T∞

� Cae
−Cbz∕R � 1 (3)

where Ca and Cb are two nondimensional coefficients. The first
coefficientCa denotes the maximum increment of the IGE thrust ratio
when z � 0. The second coefficientCb determines the strength of the
ground effect as a function of the rotor height. Both coefficients were
noted to be functions of blade geometry [47]. The model was verified
experimentally for off-the-shelf propellers, and the results showed a
more accurate prediction (0.6% root-mean-square error) of IGE thrust
throughout the ground effect region, �z ∈ �0; 2�, compared to other
quasi-steady models [48]. It is noted that the model was first proposed
as an empirical model for a single-rotor IGE. No detailed studies and
analysis of the two coefficients were performed. Herein, an analytical
expression is found for the coefficientCa usingBET.The aerodynamic
effect and the insight about the coefficient Cb are described by the
method of images, where in the analysis an imaginary counterrotating
rotor is placed underneath the ground surface [16,49]. The relationship
between Cb and blade geometry is determined empirically.

B. Analysis and Physical Interpretation of IGE Model Coefficients

First, without loss of generality, the rotor blade can be assumed to
have a rectangular shape: in other words, pitch angle θ and chord
length c are constant across the blade. As defined in [3], the thrust
coefficient CT based on BET can be expressed as

CT � 1

2
σClα

�
θ0
3
−
λ

2

�
(4)

where the collective pitch angle, θ0 � θ − α0, is constant across the
blade.According tomomentum theory, λ � ��������������

CT∞
∕2

p
in the hovering

state for a single-rotor OGE; hence, Eq. (4) becomes

CT∞
� 1

2
σClα

�
θ0
3
−
1

2

���������
CT∞

2

r �
(5)

This expression, for a given blade (collective) pitch θ0 and solidity
σ, is a quadratic function of the OGE thrust coefficient CT∞

. Solving

for the thrust coefficient yields

CT∞
�θ0; σ� �

Clα σ

192

�
32θ0 � 3Clασ − 6Clασ

����������������������������
64θ0 � 3Clασ

12Clα σ

s �
(6)

According to the literature [50,51], the induced velocity decreases
as the rotor approaches the ground plane. Thus, it is reasonable to
consider the following assumption.
Assumption 1: For the single-rotor IGE in the hover state, the mini-

mum induced velocity min�vi� exists when the rotor is infinitely close
(below or above) to a horizontal plane. The value ismin�vi� � 0 m=s.
Assumption 1 considers the extreme value of the induced velocity,

where it can be shown using momentum theory [31]. Applying this
assumption and the inflow ratio λ � vi∕ΩR � 0, when z � 0, to

Eq. (4), the maximum IGE thrust coefficient �CTIGE
is given by

2 Article in Advance / HE AND LEANG

D
ow

nl
oa

de
d 

by
 1

07
.1

91
.0

.7
3 

on
 N

ov
em

be
r 

1,
 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

92
23

 



�CTIGE
� max�CTIGE

� � 1

2
σClα

θ0
3

(7)

Given that �CTIGE
is finite andCT∞

is nonzero for rotors that provide

lift, the maximum IGE ratio �KG for constant angular velocity is

�KG � max

�
T�z�
T∞

�
�

�CTIGE

CT∞

(8)

Thus, this value is finite. This maximum IGE ratio is a function of

the blade geometry, that is,

�KG � 32θ0

32θ0 � 3ζ −
�����������������������������
192ζθ0 � 9ζ2

p (9)

According to the quasi-steady exponential model given by Eq. (3),

themaximum IGE ratio is givenbyCa � 1, and the coefficientCa can

be determined with

Ca �
������������������������������������������
192Clα σθ0 � 9Clα σ

2
q

− 3Clασ

32θ0 � 3Clασ −
������������������������������������������
192Clα σθ0 � 9Clασ

2
q (10)

Thus, Eq. (9) determines the maximum increment of thrust

as a function of rotor solidity σ and blade (collective) pitch θ0.
Figure 1 shows the maximum IGE ratio �KG for collective pitch θ0 ∈
�3; 30 deg� and rotor solidity σ ∈ �0; 0.15�.
As can be seen in Fig. 1, the maximum IGE ratio �KG increases

with the rotor solidity and decreases with the collective pitch. More

specifically, a two-blade rotor with rectangular-shaped blades, sym-

metric airfoil, chord length of 0.02 m, radius of 0.2 m, and collective

pitch of 15 deg will provide approximately 30% additional thrust

IGE. This ratio is �CTIGE
∕CT∞

, which is plotted in Fig. 2. The maxi-

mum thrust ratio should not be confused with the maximum thrust

coefficient, which increases with both the collective pitch and rotor

solidity (see Fig. 2). However, the actual maximum IGE thrust cannot

increase to infinity as depicted in Fig. 2. At a certain pitch angle and

rotor height, the blade will start to stall due to the combined effect

of the reduction in the induced velocity as well as the low Reynolds

number [41]. On the other hand, the IGE thrust ratio or the coefficient

Ca remains valid despite stall. The derived analytical model for Ca

relates the IGE thrust ratio to the blade pitch angle and the rotor

solidity. Other blade geometry variables, for example, blade twist,

leading, and trailing edge thickness, can be considered by following

the procedures described. However, one should be careful when

applying Eq. (10) directly for twisted propellers or propellers that

significantly violate the rectangular-shaped blade assumption.

The coefficient Ca in Eq. (3) represents the maximum IGE ratio
increment for a given blade geometry. Coefficient Cb, on the other

hand, determines the nature of the natural exponential function as a

function of the normalized height �z � z∕R. The physical interpreta-
tion of Cb can be explained through BET and the method of images.

These techniques have been widely used to analyze rotors in prox-
imity effects [15,31,32].A demonstration of themethod of images for

the ground effect is illustrated in Fig. 3, in which an image counter-

rotating rotor is placed underneath the ground that is mirrored with

respect to the original rotor by the ground plane. The pair of rotors has

been represented by point sources [16] andmultiple ring sources [42].
Regardless of the assumption and representation of the rotor, the

method of images shows that

vIGE � vi∞ − δvi (11)

where vIGE is the inflow velocity at the rotor disk plane, vi∞ is

the inflow velocity OGE (z � ∞), and δvi is the velocity induced

at the original rotor by the image rotor below theground.According to

Assumption 1, both vIGE�z� and δvi�z� are functions of rotor height,
with the following boundary conditions:

vIGE�0� � 0m=s; vIGE�∞� � vi∞ (12)

δvi�0� � vi∞ ; δvi�∞� � 0m=s (13)

The inflow ratio of the rotor IGE λIGE�z� is given by

λIGE�z� � λ∞ −
�
δvi�z�
ΩR

�
(14)

Fig. 1 The maximum IGE ratio �KG based on BET. The surface shows
the maximum IGE ratio for collective pitch θ0 ∈ �3; 30 deg� and rotor

solidity σ ∈ �0; 0.15�. Data for collective pitch less than 3 deg are not
shownbecause the ratio increases to infinity as collective pitchapproaches
0 deg.

Fig. 2 Maximum in-ground effect thrust coefficient �CTIGE
and out-

of-ground effect thrust coefficient CT∞
as a function of collective pitch

θ0 and rotor solidity σ. In general, CTIGE
is always greater than CT∞

, and

both increase as θ0 and σ increase.

Fig. 3 The method of images applied to single rotor in-ground effect.
The image rotor is mirrored with respect to ground at same distance z
counterrotating at angular velocity Ω. The induced velocity at the real
rotor IGE vIGE is the summation of theOGE induced velocity vi∞ and the

flow speed induced by the image rotor denoted by δvi.
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Substituting this inflow ratio into Eq. (4), the ratio of IGE to OGE

thrust coefficient becomes

CTIGE
�z�

CT∞

� θ0∕3 − λIGE�z�∕2
θ0∕3 − λIGE�∞�∕2 � 3λ∞

2θ0 − 3λ∞

δvi�z�
vi∞

� 1;

� Ca

�
δvi�z�
vi∞

�
� 1 (15)

The ratio in Eq. (15) should be equal to the empirical model

in Eq. (3). Combining the two equations, the following expression

relates the coefficient Cb to aerodynamic effects and satisfies the

boundary conditions given by Eq. (12):

δvi�z� � vi∞e
−Cb �z (16)

According to the method of images, it is assumed that the original

and mirrored rotors share the same rotor and flow properties.

Equation (16) suggests a decaying behavior exists in the rotor wake

profile. For a rotor OGE, the average induced velocity in the axial

direction at distance z below the rotor follows a natural exponential

function of z. To derive the analytical expression for the coefficient
Cb, one will need flowfield information for the induced velocity at

certain distances below the rotor disk, which requires knowledge of

wake geometry, especially in the ground-effect region (�z < 2). This
information can be acquired through wake theory or with the

assumption of the source model, for example, a point source [16], a

ring source [52], or a cylindrical vortex sheet model [41]. In this

Paper, a solution for the coefficient Cb is found experimentally.

C. Relationships with Existing IGE Models

Thequasi-steady IGEmodels proposedbyCheesemanandBennett

[16], Knight and Hefner [58], and Hayden [30] and their derivatives

[15,38,42–46] have singularities either at z � 0 or z � R∕4. The
singularity limits the application of the models in motion planning
and control algorithms. On the other hand, the proposed model

predicts finite maximum IGE thrust and thrust ratio at z � 0. Addi-
tionally, the IGE thrust in themodel is a function of the rotor solidity σ
and the nonzero collective pitch θ0. By incorporating blade geometry,

the proposed model provides a more detailed and comprehensive

representation of the ground effect. For example, the point source

and ring source models from [16,42] predict an infinite IGE thrust

ratio. Such a prediction can be represented in the proposedmodelwith
small collective pitch and large rotor solidity (see Fig. 1). This result is
similar to the assumptions of the actuator disk model. In the limit, the
value of the maximum IGE ratio is given by Eq. (9); however, it can
approach infinity. For example, Table 1 lists examples of the maxi-

mum IGE ratio �KG under certain conditions. Because the maximum
IGE ratio is the ratio of the thrust IGE to the thrust OGE (see Fig. 2),
then the IGE ratio increases not because the maximum of T�0�
increases but because T∞ decreases faster than the IGE thrust as the
solidity increases and collective pitch decreases.
One difference between the proposed single-rotor IGE model and

existing models is the proposed model assumes a constant angular
velocity. Prior quasi-steady models [e.g., Eq. (2)] assume a constant
power on the rotor. It has been shown experimentally, however, that
the IGE thrust ratios for electric-powered small radius propellers are
similar across constant power, rotor angular velocity, and even throt-
tle command [46]. This result enables simpler experiments to be
conducted where constant angular velocity is imposed to validate the
models. However, a word of caution should be noted with regard to
applying thementioned assumption for two reasons. First, one should
be aware that at the extreme IGE (�z < 0.5) flow separation could exist
for certain blades with low enough induced velocity and Reynolds
number. Blade stall could cause a discontinuity in thrust measure-
ment. Second, it is known that the revolutions perminute (RPM) does
have a small effect on the OGE thrust ratio. One should be careful on
the thrust variation due to rotor angular velocity change.
Because Assumption 1 does not limit the ground surface to

be underneath the rotor, the proposed model and the prediction of
the maximum thrust ratio can be applied to the ceiling effect. The
interpretation of the second coefficient Cb, however, needs to be
reconsidered and thus is left for future work.

D. Experimental Validation of Single-Rotor IGE Model

To validate the proposed model and the prediction of maximum
IGE thrust ratio, a custom rotor-thrust test standwas built, as shown in
Fig. 4. The testing system is constructed of aluminum alloy and
weighs approximately 80 kg, sufficiently heavy to minimize the
effects of external vibrations and other mechanical disturbances that
could appear during routine testing. A load cell (Omega LC101-25) is
installed near one end of the lever arm as shown to measure the thrust
force. The load-cell-arm mechanism sits on a platform that can be
raised and lowered along the vertical axis by a stepper motor with
a lead screw.A light detection and ranging (LiDAR) distance sensor is
mounted to the lever arm to measure the vertical displacement
between the rotor and ground surface. An Odroid single-board com-
puter controls the stepper motor, where the LiDAR displacement
sensor output is the feedback signal to control the height of the rotor
above ground. Propellers mounted underneath the lever arm as shown
in Fig. 4 are installed in an inverted configuration to allow the rotor-to-
ground distance to be varied between approximately 0 and up to 1 m.

Table 1 Extremum of the maximum IGE ratio

Extreme
conditions

θ0 � 0,
σ � 0

θ0 � π∕2,
σ � 0

θ0 � 0,
σ � ∞

θ0 � π∕2,
σ � ∞

�KG Undefined 1 ∞ ∞

Fig. 4 Quasi-steady rotor in-ground effect test stand: a) diagram of the test stand and b) the actual test system, showing key components where the inset
image shows an example of a mounted propeller.
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The rotor disk plane is parallel to the flat ground plane. Rotors are
controlled tomaintain constant angular velocity. The angular velocity
is measured by an infrared distance sensor, and the velocity is con-
trolled by a Crazyflie flight controller, which communicates with the
ground station through the Crazyradio via Bluetooth. Current and
voltage sensors are integrated into the power module and monitored
by the flight controller. The power information is also collected for
analysis. A low-pass filter with a cutoff frequency of 20Hz is used for
both thrust data and angular velocity data filtering. Steady-state
measurement of thrust at various heights is collected. For each trial,
the test stand is commanded to take measurements from the lowest
height to the maximum height, then back down to the lowest height.
The final dataset captures the average thrust measurement from
multiple trials.

1. Experimental Results for Fixed-Pitch Propellers

This first experiment is to validate the quasi-steady IGEmodel given
by Eq. (3) and the prediction of themaximum IGE thrust ratio given by
Eq. (9).Even though it is assumed that the propellers have a rectangular-
shaped cross-section, it is believed that the finite maximum IGE thrust
should also hold for propellers with non-zero twist and non-constant
chord. These types of propellers are commonly used in awidevariety of
commercial UAVs, and thus they were considered in the experiment
[53]. In the experiment, 11 off-the-shelf, fixed-pitch propellers (five
plastic and six carbon-fiber propellers) were tested. The naming of the
propellers follows the commercial propeller size nomenclature of
DDPP, where DD denotes rotor diameter in 10 in. for D < 10 in.,
1 in. forD ≥ 10 in., andPP stands for pitch in 10 in.; for example, 8045
is propeller withD � 8 in. and θ � atan�4.5∕8� rad, and 1045 stands
for propeller withD � 10 in. and θ � atan�4.5∕10� rad.
To validate the proposed model, each propeller was controlled

at two different angular velocities, where measurements were taken
at 13 different heights. The average thrust ratio at each height is then
determined. The experimental results for the 11 propellers are shown
inFig. 5. Experimental results are shownas the box plot. It can be seen
that the thrust ratio increases monotonically as the rotor height
decreases. No flow separation or discontinued thrust was observed
in the experiment. The standard deviation does increase slightly as
the rotor height decreases. Curves denote the proposed model with

coefficient ~Ca calculated from Eq. (1) and the blade geometry infor-

mation in Table 2. The coefficient Ĉb is found by curve fitting the
empirical model to the experimental data. As shown, each propeller
exhibits its own maximum IGE thrust ratio near the ground, and the
behavior of the thrust ratio as a function of height z also differs
between different propellers. Table 2 summarizes the characteristics
of the propellers as well as the experimental results for each propeller.
The first column denotes the part number and its material (C for
carbon fiber and P for plastic), associated with each propeller tested
in Fig. 5a. Because neither coefficient Ca nor Cb can be measured
directly, curve fitting was conducted on the data from Fig. 5 to get the

estimated Ĉa and Ĉb values based on Eq. (3), also shown in Table 2.

Compared to the experimentally acquired result Ĉa, the calculated

maximum IGE thrust ratio ~Ca provided by Eq. (10) has a normalized
root-mean-square error (RMSE) of 15%.
The coefficient Cb in the model, however, falls between [1,3],

where the mean value is 2.3. Thus, it does not exhibit any clear
relationship with either the chord length or pitch angle. One possible
explanation for this is that the assumption of constant chord and no
twist is violated. It is noted that both the chord length and pitch angle
in Table 2 are averaged over ten sections of the blade. Propellers from
the same brand tend to have similar rotor solidity and pitch angle. For
example, the last five propellers from Table 2 are data from T-motor
propellers. The solidity and pitch angle remain approximately the
same with different rotor radius.

2. Experimental Results for Variable-Pitch Propellers

The results for the 11 fixed-pitch propellers helped validate
the maximum IGE thrust ratio model. To further study the accuracy
of themodel and to find a solution to the coefficientCb, variable-pitch

propellers were tested. The mechanism to vary the rotor pitch is
adapted from a helicopter tail rotor assembly, shown in the inset
photo in Fig. 4b. The mechanism is installed on the test rig with a
three-dimensionally printedmount attached to a brushlessmotor. The
same brushless motor that was used in the previous experiment is
used in this experiment for consistency.
The rotor blades tested were three-dimensionally printed, as shown

in Fig. 6. Each propeller has the same airfoil profile of NACA0012, but
different radius and chord length. The three-dimensional printing proc-
ess created a one-layer shell of material on the outer surfaces of the
propeller. The thickness of the shell is 0.5 mm, which is determined by
the nozzle of the three-dimensional printer. The propellers were sanded
to ensure a smooth surface. The lowest maximum thickness is 3.2 mm
on the 1125mmblade (see Fig. 6 bottom right). For the experiment, the
pitch angle is commanded to vary between 6 and 20 deg, at 1 deg
increments. Unfortunately, the signal-to-noise level of the rotor thrust
was too high when θ0 < 6 deg, and thus the results were discarded.
Part of the experimental results of the IGE thrust ratio with respect

to rotor height from the four different propellers at pitch angle of
[10, 12, 14, 16, 18, 20 deg] can be seen in Fig. 7. The error bar stands
for the standard deviation at each height. In contrast to the result in
Fig. 5, the standard deviation increases as the rotor height decreases.
This is due to the hinge design of the variable pitch propeller that
allows flapping, which introduces additional noise in the measure-
ment. In general, the thrust ratio is higher with lower rotor solidity,
especially when close to the ground (�z < 1.5).
The fitted coefficient Ĉa � 1 is shown in Fig. 8. As can be seen,

the experimental data are consistent with the prediction, particularly
that the maximum thrust ratio increases as the pitch angle decreases
and solidity increases. All data presented in Fig. 8 are collected from
commercial off-the-shelf propellers and custom-made variable-pitch
propellers (15 deg times four propellers). The normalized RMSE
between the prediction and the experimental data is 9.47%. One-way
analysis of variance (ANOVA) shows that the probability of accept-
ing the prediction for the model is 97.7%, which is statistically
significant. This suggests that the model and measured behavior
coincide and provides evidence that the proposed model represents
the observed behavior.
To acquire the coefficient Cb with respect to each experimental

setup, the proposedmodel inEq. (3) is fitted to the average result from
Fig. 7with respect toCb. The fitted result is then used to find a general
solution of Cb with respect to θ0 and σ using the one-way ANOVA
test. First, the results in Fig. 9a show significant differences with
respect to solidity (with p-value of 0.02%). Second, the pitch angle
(shown in Fig. 9b) is found to not significantly affect the output (with
p-value of 34%).Based on the results in Fig. 9a, the coefficientCb can

be modeled as a linear function of solidity, e.g., ~Cb � 0.93σ � 1.23,
shown in Fig. 9. On the one hand, this solution provides a rough
estimation of coefficient Cb with respect to the solidity. On the other
hand, the model does not account for other blade geometry variables,
which will require further experimental study.

E. Model Validation on Datasets

The IGE experiment dataset with the IGE over OGE thrust ratio
can be found in the literature [16,40,54]. However, most experiments
available are conducted on the constant power assumption without
rotor pitch setting available. In this Paper, further model validation is
carried out on the dataset from Cai et al. [40], which provides both
rotor profile and pitch setting with angular velocity controlled. Data
points from four different propellers are plotted as square marker
in Fig. 10. The proposed empirical model from Eq. (3) is first fitted
to the data and compared with the model from Law [54], which
also requires curve fitting. IGEmodels fromCheeseman and Bennett
[16] and Hayden [30] are also shown in Fig. 10. As indicated in
[16,24,39,40], the model from Cheeseman and Bennett predicts well
the IGE ratio from OGE height down to z � R. Hayden’s model
overpredicts the IGE ratio in general. Both the fitting result in Fig. 10
and the root-mean-squared (RMS) error in Table 3 show that the
curve fitting result from the proposed model outperforms other
models with lower RMS error on all four propellers. The prediction
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results, plotted as a dashed-dotted line in Fig. 10, are calculated based
on the rotor profile and pitch setting from [40]. Experimental data by
within the 5% error boundary of the prediction curve. In general, both
the prediction and the fitted results from the proposed model provide
better estimation of the IGE thrust ratio than other models listed. The

predicted coefficients ~Ca, ~Cb and the curve-fitted coefficient Ĉa, Ĉb

are listed in Table 3.

IV. Multirotor Quasi-Steady In-Ground Effect Model

A quasi-steady IGE model for multiple rotors is presented. Based
on previous experimental results, the single-rotor IGE model with
adjustments to themodel coefficients fits themultirotor configuration

IGE [47]. For consistency and to better understand the role of the two
coefficients Ca and Cb, the exponential model in Eq. (3) is used as a
starting point for the multirotor IGE model. Of particular interest is
the impact of blade geometry and different multirotor configurations.
It should be noted that, to isolate the multirotor IGE from the coupled
effect of rotor downwash and fountain effect upwash on the fuselage,
this Paper does not consider a fuselage.

A. Variables of Interest for Multirotor IGE

Rotor normalized height �z is an important variable for both single-
rotor and multirotor IGE studies. According to Eq. (8) and the
conclusion noted in [46], the single-rotor IGE ratio is evaluated with
constant rotor angular velocity, and the IGE ratio is not significantly
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Fig. 5 IGE thrust ratio vs normalized height measured for 11 commercially available propellers. Box plots denote the experimental results. Curves are
the proposed model with Ca from Eq. (10) and Cb from curve fitting.
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affected by the throttle command and power. However, for multirotor

IGE, the rotor angular velocityΩmay be an important factor because

the interaction between multiple rotor flowfields may exist. Further-

more, for the multirotor IGE, the study should mainly focus on what

rotor configurations affect the two model coefficients and how they

are different from the single-rotor case. In the analysis, the rotor

configuration has been simplified and reduced to the following two

variables: 1) theminimum tip-to-tip distance d (normalized byR, i.e.,
�d � d∕R) and 2) the rotating direction D between two adjacent
rotors. The assumption made here is that the rotor placement follows
the regular polygon (i.e., the minimum tip-to-tip distances between
any two adjacent rotors are always d). To this end, illustrations of the
two variables d andD for dual-rotor, trirotor, and quadrotor configu-
rations can be seen in Fig. 11, where the Boolean function D is
defined as

D �
�
1; both clockwise �CW� or counterclockwise �CCW�
0; oneCWand the other CCW

(17)

In summary, the variables that can potentially affect the multi-
rotor IGE are the rotor angular velocity Ω, rotating direction

Fig. 7 Experimental results of variable pitch propellers IGE test at different rotor heights and pitch angles of [10, 12, 14, 16, 18, 20 deg].

Table 2 Fixed-pitch propellers tested and estimated model
coefficients from measured IGE thrust ratio vs height data

No. Nb R, m �c, mm σ θ, deg θ, in. ~Ca Ĉa Ĉb

P3550 2 0.044 15.3 0.219 21.5 5.0 0.52 0.38 1.18
P5030 3 0.064 14.9 0.149 19.6 3.0 0.52 0.53 1.80
P8045 2 0.102 18.2 0.114 29.4 4.5 0.29 0.27 2.44
P1045 2 0.127 22.2 0.113 20.1 4.5 0.36 0.36 1.89
P1147 2 0.140 24.9 0.114 21.3 4.7 0.35 0.38 2.02
C8045 2 0.102 17.4 0.109 29.4 4.5 0.29 0.27 2.79
C1137 2 0.140 22.7 0.103 9.3 3.7 0.51 0.49 2.50
C1344 2 0.165 24.6 0.094 9.3 4.4 0.48 0.55 2.87
C1448 2 0.178 26.6 0.095 9.5 4.8 0.48 0.48 2.70
C1550 2 0.191 28.9 0.096 10.2 5.0 0.48 0.61 2.58
C1654 2 0.203 30.9 0.097 9.3 5.5 0.49 0.63 2.68

Fig. 6 Three-dimensionally printed blades vary on both chord length
and radius. The airfoil uses a NACA 0012 profile, which is symmetric for
α0 � 0. The lowestmax thickness is 3.2mm for a 1125mmblade, which is
rigid enough to reject deformation while providing lift.

Fig. 8 Prediction ofmaximumIGEratio ~Ca � 1 andexperimental fitted

coefficient Ĉa � 1 vs rotor solidity σ and pitch angle θ0.
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between two adjacent rotors D, number of rotors Nr, and the
normalized minimum tip-to-tip distance between two adjacent

rotors �d. Evaluation of the multirotor IGE will focus on how these
variables change the two IGE coefficientsCa andCb with respect to
their values on a single rotor. The test stand described in Fig. 4 was

used with multiple rotors installed in different rotor configurations.

Figure 12 shows the mounting configuration for the quadrotor

setup. Propellers used in the multirotor IGE experiments can be

seen in Table 4, which covers pitch angles from 10 to 30 deg and

radii from 0.06 to 0.20 m.

a)

c) d)

b)

Fig. 10 Model validation on experimental dataset from Cai et al. [40] with four different propellers. The gray area denotes the 5% error boundary
around the propose model prediction result based on rotor pitch and solidity information in [40].

Table 3 Model validation and comparison on dataset from Cai et al. [40]

RMS error Coefficients

Propeller Model fitting, % Law 1972 fitting, % Model prediction, % ~Ca Ĉa
~Cb Ĉb

P1770 1.01 4.53 3.14 0.29 0.21 1.65 1.25
P1155 0.99 3.05 1.79 0.24 0.19 1.62 1.25
P1470 0.64 2.37 1.64 0.17 0.17 1.65 1.24
P1170 1.11 1.54 2.32 0.21 0.21 1.69 1.26

a) b)

Fig. 9 One-way ANOVA result of measured coefficient Ĉb: a) Ĉb distribution vs solidity and b) Ĉb distribution vs pitch angle.

a1)

a2) b) c)

Fig. 11 Dual-rotor, trirotor, and quadrotor configurations: a1) dual-rotor configuration with D � 0, a2) dual rotor with D � 1, b) trirotor configu-
ration, and c) quadrotor configuration.
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B. Impact of Rotor Angular Velocity and Rotor Direction

In the first experiment, multirotor IGE is measured with respect to

rotor angular velocity Ω and direction D. Two 15 in. propellers were

first installed on the load-cell test rig, with D � 0, �d varying from

0 to 2.5, �z varying from 0.1 to 3.3 at increments of 0.25, and angular

velocity at 4300 and 5500 rpm. The results for different throttle

commands are shown in Fig. 13, in whichKG for differentΩ is shown

in Figs. 13a3 and 13b3. The results for KG for two rotor directions

D � 0 and D � 1 can be seen in Figs. 13c1 and 13c2. No obvious

visual differences were observed for KG when Ω orD was varied, as

shown in Figs. 13a3, 13b3, 13c1, and 13c2. The RMS differences are

shown in Fig. 13c3, and this indicates that the impact from the angular

velocityΩ and rotor directionD between two rotors to the multirotor

IGE is trivial, especiallywhen comparing to the increase of thrust ratio

brought by the ground effect. It should not be taken for granted,

however, that the angular velocity does not affect the IGE rotor thrust

ratio for all propellers. Flow separation and propeller stall could also

exist for other types of propellers at certain RPM values.
The same tests were conducted with the quadrotor configuration

and 8 in. diameter plastic propellers. The two KG results with high

and low Ω are shown in Fig. 14. The RMS differences between the

twoΩ s are 6.8%. As results show, even with different rotor configu-

rations and geometries, the impact of rotor angular velocity on KG

is small.

C. Effect of Rotor Number and Spacing

In the second experiment, the two variables of interest are the

number of rotorsNr and the normalized minimum tip-to-tip distance

Fig. 12 Mounting configuration for quadrotor on the test stand. The
rotors were controlled by a Crazyflie flight controller, and power
measurements were collected for evaluation.

Table 4 Property of propellers used in multirotor IGE experiments

Configuration Dual rotor D � 0 Dual rotor D � 1 Trirotor Quadrotor

No. P5030, P8045, C8045, C1550 P8045, C8045, C1550 C1550 C8045, C1550
R, m 0.064, 0.102, 0.102, 0.191 0.102, 0.102, 0.191 0.191 0.102, 0.191

θ, deg 19.6, 29.4, 29.4, 10.2 29.4, 29.4, 10.2 10.2 29.4, 10.2

σ 0.149, 0.114, 0.114, 0.096 0.114, 0.114, 0.096 0.096 0.114, 0.096

a1)

b1)

c1) c2)

c3)

b2) b3)

a2) a3)

High rpm Low rpm

Fig. 13 Experimental results for 15 in. diameter propellers dual-rotor IGE for differentΩ andD values: a1) IGE thrust ratio vs �z and �dwithD � 0 and

3600 rpm, a2) IGE thrust ratio vs �z and �dwithD � 0 and 4800 rpm, a3) absolute difference between a1 and a2, b1) IGE thrust ratio vs �z and �dwithD � 1

and 3600 rpm, b2) IGE thrust ratio vs �z and �dwithD � 1 and 4800 rpm, a3) absolute difference betweenb1 andb2, c1) absolute difference betweena1 and
b1, and c2) absolute difference between a2 and b2.
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�d. In particular, Nr ∈ f1; 2; 3; 4g and �d ∈ �0; 3� are considered. The
influence of rotor configuration onmultirotor IGE can be analyzed by

modeling the two coefficients Ca and Cb as functions of �d and Nr.
The superscript in front the coefficient of interest denotes the number

of rotorNr; for example, 3Cb refers to the Cb coefficient forNr � 3.

1. Dual-Rotor Configuration

The results of dual-rotor IGEwith 15-in. propellerswere previously
presented inFig. 13, inwhich no significant differenceswere observed
for high or low throttle by varying �d. However, a subtle difference is
observed in the IGEcoefficients, as shown in Fig. 15.Compared to the

single-rotor IGE case, differences in �d introduce changes in 2Cb,

where a maximum of 20% increase can be seen around �d � 1. The

behavior decreases to the single rotor 1Cb as �d approaches 0 or infinity.
The coefficient Ca, however, remains the same (see Fig. 15b), which
indicates that themaximum IGE thrust ratio is the same for single and
dual-rotor configurations. The bar plot in Fig. 15c is provided to
support that the average consumed power at different heights are the
same with constant throttle command.

2. Trirotor Configuration

Trirotor aerial vehicles usually have two different types of rotor
configurations, both of which involve different rotor rotation direc-
tions. Only one type of configuration is tested because the rotation
direction has been shown to have no impact on the IGE thrust ratio

(see Fig. 13). The results of the trirotor aerial vehicle IGE thrust ratio
and the two IGE coefficients can be seen in Fig. 16.
The variation in 3Cb is different and more significant than 2Cb as

�d changes.Because of the limitationof the test stand and the size of the

15 in. propeller being tested, the range of �d for the trirotor configu-

ration is limited to �d ∈ �0; 1.1�. The coefficient 3Cb starts low with

small �d and becomes larger than both 2Cb and
1Cb around �d � 1. It

canbe predicted that for any different rotor configurationCbwill settle

back to 1Cb. The coefficient
3Ca, however, remains the same as 1Ca

and 2Ca, which further validates the hypothesis that the maximum
IGE thrust ratio is independent of the rotor configuration and only
depends on the blade geometry as described in Eq. (10).

3. Quadrotor Configuration

The configuration shown in Fig. 11c was tested. Because
the quadrotor configuration takes much more space than the tri- or
dual-rotor setup, �d is limited to the range (0, 0.42). The experimental
results are shown in Fig. 17. It is clear from Fig. 17a that the thrust

ratio increases as the �d decreases to 0. As expected, the coefficient
4Ca still remains the same as other Ca values. However, a larger

variation is observed for the coefficient 4Cb, as illustrated in Fig. 17b,

where the minimum value is 30% lower than 1Cb.
In conclusion, the rotor configuration does have an affect on

the measured multirotor IGE. However, the IGE coefficient Ca and

the maximum IGE thrust ratio are not functions of either Nr or �d.

a) b) c)

Fig. 14 Comparison ofKG with respect to differentΩ for 8 in. diameter propellers: a) IGE thrust ratio versus �d and �z at 6000 rpm; b) IGE thrust ratio

versus �d and �z at 7000 rpm; and c) absolute difference between (a) and (b).
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Fig. 15 Dual-rotor IGE experimental results for 15 in. propellers: a) thrust ratio vs �z and �d, b) dual- and single-rotor IGE coefficient results, and
c) average total power consumed vs �z.
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Fig. 16 Trirotor IGE experimental results: a) thrust ratio vs �z and �d and b) single- and trirotor IGE coefficients.

10 Article in Advance / HE AND LEANG

D
ow

nl
oa

de
d 

by
 1

07
.1

91
.0

.7
3 

on
 N

ov
em

be
r 

1,
 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

92
23

 



As the results show, the coefficient Cb is smaller when rotors are

closer together ( �d < 0.4). The coefficient increases to a maximum at

approximately �d ≈ 1 and decreases back to 1Cb after �d > 2. The total

effects from Nr and �d have been documented in literature as a

fountain effect or multirotor IGE [9,11,15,16,32,55–57]. The con-
clusions of the researchers, however, are inconsistent with each other,
where throughout the literature both increasing [55,56] and decreas-

ing [11,29] behaviors have been noted as �d grows.
It is believed that the results described herein explain the incon-

sistencies found in the literature as it pertains to the fountain effect.
The IGE thrust ratio when the height is small (�z < 2) will first de-

crease; then, it increases as �d grows from 0 to infinity. Even though
the model is a quasi-steady empirical model, with two coefficients, it
sufficiently captures the behavior with respect to the rotor height but
also the blade geometry. This Paper compares results for three differ-
ent rotor configurations, and the experiments cover awider range of �z

and �d compared to prior works. The results also show the relation-
ships between the rotor height, rotor configuration, and the effect of
multirotors on the IGE thrust.

D. Propeller Material and Fountain Vortex

The propellers used in multirotor IGE experiments shown previ-
ously are made of carbon fiber, which usually has greater stiffness
than plastic. The plastic propellers are inexpensive, easy to manufac-
ture, and alsowidely used in research and hobby projects. Additional
experiments were designed to compare multirotor IGE for plastic
versus carbon fiber propellers. The two 8 in. diameter propellers

shown in Figs. 18a1 and 18b1 with identical blade geometry were

tested with the dual-rotor configuration. The results of the IGE thrust

ratio versus �d and �z are shown in Figs. 18b1 and 18b2. Subtracting the
plastic propellers IGE ratio from the carbon fiber propeller IGE ratio,

the difference can be seen in Fig. 18a3 and its contour in Fig. 13b3.

The normalized RMS IGE thrust ratio error between the carbon fiber

and plastic propellers is 4.18%. In general, the difference in material

contributes small differences in the thrust ratio. However, it can be

seen that the plastic propeller provides a higher IGE thrust when

the two rotors are within one radius away (d < R). As the two

propellers separate farther apart, the thrust provided by the carbon

fiber propellers is, in general, greater than the thrust from plastic ones.

It should be noted that the results herein are valid for small propellers

and those that are sufficiently rigid [23].

The surface plots shown in either Fig. 18a1 or Fig. 18a2 are clearly

different from the 15 in. dual-rotor results shown in Fig. 13. Instead of

increasing thrust, a dip exists on the surface contour where the thrust

ratioKG is actually lower than 1, which indicates a loss in thrust. This

dip can be seen clearly on the contour plot in Figs. 18b1 and 18b2,

where �d ∈ �1.2; 2.8� and �z ∈ �1.1; 2.3�. The round area is marked
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Fountain vortex

Ground

Fig. 19 Illustration of multirotor IGE fountain vortex.
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with a thick line representing the thrust ratio of 98%. In this area, the
minimum thrust ratio is 95%,whichmeans amultirotor aerial vehicle
could experience, instead of an increased thrust IGE, a loss of thrust at
a certain height. This phenomenon can be explained by a fountain
vortex between rotors, as illustrated in Fig. 19. The behavior resem-
bles the fountain effect [1] and wake rollup [3,11], which exists on
single-rotor IGE with an advance ratio. The rotor wake is forced to
change direction due to both the ground surface and the rotor wake
from a nearby propeller. The fountain flow between two adjacent
rotors breaks and flows back into the rotors and forms a fountain
vortex. This vortex increases the induced velocity and decreases the
thrust generated by the rotor. The fountain vortex for multirotors is
more significant on an 8 in. propeller than on the 15 in. propeller. One
hypothesis is that the strength of the fountain vortex is related to the
blade-tip pitch angle θtip, which is 0 deg on the 15 in. propeller but

6 deg on the 8 in. propeller. A pair of square-shaped constant pitch 5
in. propellers were tested to support the hypothesis. The blade-tip
pitch angle of the 5 in. propeller is 15 deg. The experimental results
can be seen inFig. 20, inwhich amaximumof 8% thrust loss exists on
the IGE thrust ratio surface, which is greater than the thrust loss from
the 8 in. propeller. This effect cannot be modeled directly by the two
IGE coefficients because the empirical model from Eq. (3) does not
consider the possibility ofKG < 1. In this Paper, a bivariate Gaussian
model is adapted to fit this thrust loss created by the fountain vortex.
The adjusted IGE model can be expressed as

KG � Cae
−Cbz∕R � 1 − δ; where

δ � CF exp

�
−

1

2�1 − C2
c�
�
��z −

���
3

p
�2 � � �d −

���
3

p
�2

− 2Cc��z −
���
3

p
�� �d −

���
3

p
�
��

(18)

Two additional fountain vortex coefficients, Cc and CF, are intro-

duced. The mean value
���
3

p
of the bivariate model is experimentally

fitted with both the 5 and 8 in. propeller results. The experimental
data and fitting results for δ are shown in Fig. 20c. The coefficient
CF determines the strength of the fountain vortex and is found to be
associated with the blade-tip pitch angle. It can be seen that the shape
of the thrust loss is not always circular with respect to rotor height
and distance between two rotors (see Fig. 20b). The coefficient Cc is

introduced, denoting the correlation between �z and �d, which remains
undetermined and requires further experiments. The value of the
fountain vortex coefficients from curve-fitting are CF ≈ 0.083, Cc ≈
0.62 for the 5 in. propeller and CF ≈ 0.04, Cc ≈ 0.024 for the 8 in.
propeller.

V. Conclusions

In this Paper, a new empirical quasi-steady IGE model for multi-
rotor aerial vehicles was proposed. The newmodel combines analyti-
cal results with an empirical model and relates the IGE thrust ratio to
blade pitch, rotor solidity and diameter, and rotor height at constant
rotor angular velocity. Themodel also overcomes drawbacks inherent
in the previous empirical models and 1) offers no singularities and

predicts finite maximum IGE thrust ratio, 2) fills the gap between the
blade geometry (pitch angle and solidity) and the IGE ratio with an
analytical relationship, and3) extends tomultirotor aerial vehicles and
considers different multirotor configurations. Two IGE model coef-
ficients were derived based on BET and analyzed using the method
of images. The coefficientCa is a nonlinear function of σ and θ0. The
coefficient Cb ranges between (1, 3.5) and is modeled proportional
to σ. Experiments were conducted to validate the model for range
of pitch angles θ ∈ �9; 20 deg� and solidities σ ∈ �0.085; 0.215�.
For multirotors, the angular velocity Ω, the rotor direction D, and
the material of the blade were found not to affect the IGE ratio. The
coefficientCa remains the same regardless of the number of rotorsNr

and the tip-to-tip distance d. The coefficient nCb starts out small for

smalld, then slowly increases to amaximumof approximately �d � 1,

followed by a decrease back to 1Cb. The deviation of
nCb from

1Cb

increases with the number of rotors Nr. Two fountain-vortex coef-
ficients were introduced in the adapted bivariate Gaussian model
for the observed IGE thrust-loss phenomenon. Finally, an empirical
relationship between coefficient CF and the blade-tip pitch angle
was found.
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